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Abstract

Drilling circulation can leave a persistent temperature disturbance in the rock surrounding a wellbore, and that
disturbance may remain active during the earliest stages of shut-in recovery, perforation, cleanup, and drill stem
testing. In high-temperature wells the effect is especially important because the contrast between circulating fluid
and undisturbed formation temperature is often large enough to create a substantial cooled near-wellbore region.
When flow begins before that region has thermally recovered, the entering fluid does not represent the undisturbed
reservoir state. Instead it carries the imprint of a radially distributed thermal disturbance whose magnitude and radial
extent both evolve with time. The resulting bottom-hole pressure and temperature response is therefore shaped by
hidden thermal recovery as well as by the hydraulic behavior of the test. This paper develops a technical framework
for reconstructing that hidden radial thermal legacy and for linking it to early drill stem test interpretation. The
formulation combines radial heat diffusion in the formation, transient interval entry conditions, temperature-dependent
fluid-property effects, and reduced wellbore thermal transport. A compact state representation is introduced for the
disturbed near-wellbore zone, and a pressure-temperature inversion is used to recover the hidden entry condition
from observed test data. Particular attention is given to multirate tests, because changes in flow rate alter the radial
weighting through which the hidden thermal field is sampled. The analysis derives the forward equations, the reduced
inversion architecture, asymptotic observability results, and a field-oriented validation procedure designed to quantify
entry-temperature bias, interval ambiguity, and uncertainty during the earliest portion of the test.

1. Introduction

A drill stem test performed soon after drilling does not
begin from a neutral thermal state [1]. By the time
the test starts, the wellbore and the adjacent forma-
tion have already experienced a prolonged exchange
of heat associated with circulation. In a hot reservoir
this exchange usually cools the rock around the well-
bore. The disturbance is neither superficial nor instan-
taneous. It extends radially into the formation and
then relaxes only slowly after circulation stops. When
the time between the end of circulation and the start of
flow is short, the earliest produced fluid must cross a
formation annulus whose temperature remains below
the undisturbed formation value [2]. The first fluid
seen by the wellbore is therefore conditioned by a hid-
den thermal legacy of drilling.

That observation matters because early drill stem
test interpretation is commonly built around the as-
sumption that measured pressure and temperature re-
spond to hydraulic drawdown from an approximately
undisturbed reservoir. The hidden thermal state vio-
lates that assumption in a specific way. It changes the

temperature of the fluid entering the wellbore. In do-
ing so it modifies fluid properties and alters the connec-
tion between interval inflow and measured wellbore re-
sponse. Under some conditions the distortion is small
enough to ignore [3]. Under other conditions, especially
in high-temperature wells or after short shut-in periods,
the distortion is large enough that equilibrium-based
interpretation produces systematic bias.

The problem is not simply that the entering temper-
ature is shifted from the undisturbed formation tem-
perature. The more difficult issue is that the shift is
time dependent and nonlocal. The fluid entering the
wellbore at any moment is not influenced by one point
in the formation. It is influenced by a radial region
whose thermal state has been shaped by prior circula-
tion and is sampled through a flow-dependent weight-
ing. Early in the flow period, the sampled region is
concentrated very close to the wellbore [4]. Later, the
sampled region broadens. If the test contains multi-
ple flow rates, the weighting changes again with each
rate change. Therefore the same hidden radial field
generates different interval entry conditions as the test
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Table 1. Physical processes influencing early drill stem testing after drilling circulation

Process Physical Mechanism Time Scale Impact on Test Response
Circulation cooling Heat removal by drilling

fluid
Hours–days Creates cooled near‑

wellbore zone
Radial heat diffusion Thermal recovery in for‑

mation
Hours–weeks Gradual temperature

restoration
Wellbore heat exchange Rock–fluid thermal trans‑

fer
Minutes–hours Alters bottom‑hole tem‑

perature
Multirate sampling Rate‑dependent radial in‑

flow
Minutes–hours Changes thermal weight‑

ing of inflow

Drilling
circulation

Shut‑in
recovery

Hidden radial
field

Interval
entry

Wellbore
mixing

PT‑rate
response

Property
shift

Early
bias

Figure 1. Causal structure of the problem. Drilling circulation creates a cooled near-wellbore disturbance, shut-in only
partly relaxes it, and the remaining hidden radial field controls interval entry temperature during the earliest flow period.
The resulting wellbore pressure–temperature response therefore carries both hydraulic information and a persistent thermal
memory.

proceeds. Any realistic interpretation of early temper-
ature and rate must respect that nonlocal structure.

A second layer of difficulty arises in multilayer com-
pletions or in perforated intervals with nonuniform con-
tribution. Distinct entry zones may carry distinct ther-
mal histories because the circulation environment, lo-
cal rock properties, and shut-in recovery times can vary
across the interval [5]. The mixed wellbore signal may
then combine several hidden entry temperatures. A
model that treats the entire interval as a single uni-
form thermal source can fit the measured temperature
only by absorbing interval-scale structure into effective
parameters. Such a fit may appear numerically satis-
factory while remaining physically misleading.

The present work proceeds from the view that early
drill stem test interpretation in recently circulated wells

should be cast as a problem of reconstructing a hidden
radial temperature field from its pressure-temperature
consequences. The field is not directly measured, but
it is not arbitrary either [6]. It is produced by a spe-
cific thermal forcing history during circulation, evolves
under heat diffusion after circulation ends, and influ-
ences the test through a structured sequence of opera-
tors. The first operator maps circulation history to the
radial thermal disturbance in the formation. The sec-
ond maps that hidden radial disturbance to interval en-
try temperature through flow-weighted sampling. The
third maps the interval entry conditions to measured
bottom-hole temperature through mixing and wellbore
transport. Pressure enters the same chain through in-
terval inflow, fluid properties, and rate allocation. The
inverse problem is therefore to estimate the hidden ra-
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Figure 2. Radial thermal legacy around the tested well. The strongest cooling persists closest to the wellbore, while a
broader but weaker memory zone extends outward into the formation. During early drill stem testing the inflow first
encounters the inner cooled ring, so the entering fluid temperature can remain substantially below the undisturbed far-field
temperature.
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Figure 3. Flow-weighted sampling of the hidden radial temperature field. The interval entry temperature is not tied to
one radius; it is a weighted projection of near-wall, intermediate, and broader thermal modes. Rate changes alter the
projection kernel, so the same hidden field can produce different entry conditions at different stages of a multirate test.

dial thermal state and selected uncertain transport pa-
rameters from the measured pressure-temperature-rate
response [7].

The practical relevance of this physical setting is
consistent with the near-wellbore cooling analysis of
Hasan et al. (2024) [8], who showed that circulation-
induced thermal disturbance can materially affect fluid-
entry temperature and early drill stem test behavior.
The approach developed here stays within that same
field context but emphasizes a different technical tar-
get. The main task is not to forward-predict one tem-
perature trace from one assumed thermal profile. The
main task is to reconstruct the hidden radial state it-
self in a way that is stable, physically constrained, and
useful for entry-condition interpretation.

This requires careful mathematical design [9]. The
hidden radial field must be represented compactly enough
for inversion yet richly enough to preserve the near-wall

thermal deficit that dominates early entry conditions.
The wellbore model must be reduced enough for re-
peated evaluation but still retain interval mixing and
heat exchange. The inversion must use both pressure
and temperature because either channel alone leaves
important ambiguities unresolved. The regularization
must encode diffusion-like evolution, because the ra-
dial thermal field is only partially observable from early
test data. A model that neglects these constraints may
fit the measured temperature locally while inventing a
thermal history that could not have arisen from circu-
lation and recovery.

The sections that follow are organized around the
causal structure of the physical problem rather than
around a generic model template [10]. The next sec-
tion begins with the thermal aftermath of circulation,
because that is where the hidden state originates. The
following section examines how flow samples that hid-
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Figure 4. Reduced coupled model used for interpretation. Hidden thermal memory, reduced wellbore transport, and
interval contribution variables are gathered into a compact state representation. Test schedule and uncertain parameters
modulate the same state map, which then generates the observed temperature, pressure, and rate channels.

Table 2. Symbols and primary variables used in the thermal recovery formulation

Symbol Definition Units
r Radial distance fromwell axis m
T∞ Undisturbed formation tempera‑

ture
◦C

θ(r, t) Formation temperature distur‑
bance

◦C

α Thermal diffusivity m2/s
ke Effective thermal conductivity W/(m·K)
(ρc)e Effective volumetric heat capacity J/(m3·K)

den state and turns it into interval entry temperature.
Only after that mapping is explicit does the paper in-
troduce the reduced wellbore response and the inverse
problem. Later sections analyze observability and bias
pathways, then turn to implementation and validation.
The argument remains technical throughout, but the
central idea is simple: early drill stem test data in re-
cently circulated wells are best interpreted as filtered
observations of a recovering radial thermal field rather
than as direct expressions of a thermally undisturbed
reservoir.

2. Thermal Aftermath of Circulation
Let r denote radial distance from the well axis, rw
the effective wellbore or completion radius, and rb an
outer radius beyond which the circulation-induced dis-
turbance is negligible over the operational time window
[11]. Let T∞ be the undisturbed formation tempera-
ture at the tested interval. The disturbed formation
temperature is written as

θ(r, t) = Tf(r, t) – T∞, (1)

where Tf(r, t) is the local formation temperature. In
the common case of a hot reservoir exposed to cooler
circulating fluid, θ(r, t) is negative near the wellbore at
the end of circulation.

The starting point after circulation is a radial heat-
recovery problem [12]. Under effective local thermal
equilibrium between the porous matrix and the resi-
dent fluid, a reduced radial energy balance can be writ-
ten as

(ρc)e
∂θ

∂t =
1

r
∂

∂r

(
ker∂θ

∂r

)
+ qw(r, t), (2)

where (ρc)e is the effective volumetric heat capacity
of the formation-fluid system, ke is effective thermal
conductivity, and qw(r, t) is a residual source term rep-
resenting remaining wellbore-related thermal interac-
tion after circulation has ceased. The corresponding
diffusivity is α = ke/(ρc)e.

The state at the end of circulation is itself the re-
sult of a thermal forcing history. If the effective heat-
transfer history imposed at the wellbore is represented
by qc(τ) over 0 ≤ τ ≤ tc, where tc is the end of circu-
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Figure 5. Integrated reconstruction workflow. Prior information inherited from circulation history is fused with measured
pressure–temperature–rate data through repeated forward evaluation, residual formation, adjoint sensitivity propagation,
and state updates. The output is a physically constrained estimate of hidden entry conditions rather than a purely empirical
fit to the observed traces.

Table 3. Stages of thermal evolution around the wellbore

Stage Dominant Process Temperature Trend Interpretation Implica‑
tion

Active circulation Forced cooling Rapid decline near well Strong disturbance cre‑
ated

Immediate shut‑in Diffusion dominated Slow recovery begins Entry temperature biased
Early flow Radial sampling Non‑uniform inflow tem‑

perature
Test interpretation af‑
fected

Late recovery Thermal equilibrium ap‑
proach

Gradual stabilization Bias reduces

lation, then a line-source style representation yields

θ(r, t) = –
∫ tc

0

qc(τ)
4πkeHE1

(
r2

4α(t – τ)

)
dτ, t > tc,

(3)

where H is an effective interval thickness and E1 is the
exponential integral [13]. This expression is useful not
because it is exact in every completion geometry, but
because it makes the memory structure explicit. The
disturbed near-wellbore state present during testing is
a weighted integral of prior circulation history filtered
through radial diffusion.

The thermal aftermath is therefore best interpreted
as a hidden memory field rather than as a boundary
perturbation of negligible duration. The degree to
which that field matters at the start of testing depends

on shut-in duration. Let tf denote the start of flow. A
simple diffusion scaling shows that the radial distur-
bance radius evolves roughly as [14]

rd(t) ∼
√
4α(t – tc). (4)

At the same time, the amplitude decays with increasing
time. A longer shut-in reduces the near-wall temper-
ature deficit but also broadens the region over which
the residual thermal signal is distributed. These two
changes influence early test interpretation differently.
The near-wall deficit controls the strongest entry-temperature
bias. The broader residual field affects later-time entry
weighting.

A wellbore that is shut in after circulation may con-
tinue to exchange heat with the surrounding rock [15].
That interaction can be expressed through a mixed
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Table 4. Reduced-state representation of the disturbed thermal field

Component Mathematical Form Physical Meaning Role in Model
Basis functionϕi(r) Radial mode shape Spatial thermal structure Captures disturbance ge‑

ometry
Coefficient ai(t) Modal amplitude Strength of disturbance Hidden thermal state
Decay rateλi Modal relaxation con‑

stant
Diffusive recovery speed Governs temporal evolu‑

tion
Wall forcing fwi (t) Boundary interaction

term
Wellbore heat influence Drives near‑wall dynam‑

ics

Table 5. Factors controlling interval entry temperature during flow

Factor Description Mathematical Role Effect on Inflow
Radial weighting w(r, t) Flow sampling kernel Entry operator integral Selects thermal region
Thermal disturbance
θ(r, t)

Residual cooling field State variable Alters entry temperature

Flow rate Operational control vari‑
able

Modifies weighting kernel Changes sampling radius

Interval heterogeneity Layer‑specific properties Interval‑dependent coef‑
ficients

Produces mixed inflow

thermal boundary condition at r = rw,

–ke
∂θ

∂r

∣∣∣∣
r=rw

= h∗w (θ(rw, t) – θw(t)) , (5)

where h∗w is an effective wall conductance and θw(t) =
Tw(t) – T∞ is the wellbore temperature disturbance.
This boundary condition matters because the hidden
radial field at the start of flow is influenced not only by
the circulation forcing but also by the shut-in evolution
of the wellbore column itself.

To prepare the model for inversion, the hidden ra-
dial field is projected onto a reduced basis {ϕi(r)}M

i=1,

θ(r, t) =
M∑

i=1

ai(t)ϕi(r). (6)

The coefficients ai(t) are the reduced thermal-memory
state. If the basis is chosen to align with radial dif-
fusion, then their evolution during shut-in is approxi-
mately

ȧi(t) = –λiai(t) + fwi (t) + ni(t), (7)

where λi are modal decay rates, fwi (t) represents wall-
related forcing, and ni(t) is a correction term captur-
ing unresolved effects. The first modes correspond to
near-wall structure, while later modes capture broader
radial recovery.

This reduced representation already reveals an im-
portant identifiability hierarchy [16]. The near-wall
modes evolve rapidly and most strongly affect the ear-
liest entry conditions. The broader modes decay more
slowly but are less visible in the earliest flow measure-
ments. The test therefore carries different levels of

information about different parts of the hidden ther-
mal state. Any inversion that pretends otherwise will
overstate what the data actually reveal.

3. How Flow Samples the Hidden Thermal State
The fluid that enters the wellbore does not come from
a single temperature at a single radius [17]. It sam-
ples the radial thermal field through a flow-dependent
weighting that evolves in time. That weighting is the
mechanism by which hidden thermal memory becomes
operationally visible.

For interval ℓ, let wℓ(r, t) denote the radial entry-
weighting kernel. The corresponding interval entry
temperature is

Tin,ℓ(t) = T∞,ℓ +

∫ rb,ℓ
rw,ℓ

wℓ(r, t)θℓ(r, t) dr∫ rb,ℓ
rw,ℓ

wℓ(r, t) dr
. (8)

The kernel wℓ(r, t) can be interpreted as a mass-flux or
residence-time weighting derived from the local inflow
field. What matters for the present analysis is that it
changes with time and with rate [18].

Substituting the reduced thermal representation yields

Tin,ℓ(t) = T∞,ℓ +
Mℓ∑
i=1

cℓ,i(t)aℓ,i(t), (9)

where

cℓ,i(t) =

∫ rb,ℓ
rw,ℓ

wℓ(r, t)ϕℓ,i(r) dr∫ rb,ℓ
rw,ℓ

wℓ(r, t) dr
. (10)

The vector cℓ(t) is the entry operator for interval ℓ. It
converts the hidden thermal coefficients into the ther-
modynamic condition of fluid arriving at the wellbore.
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Table 6. Observation channels used for reconstruction of hidden thermal states

Measurement Information Provided Interpretation Role
Bottom‑hole temperature Mixed wellbore thermal response Detects entry temperature

changes
Bottom‑hole pressure Hydraulic drawdown signal Constrains inflow dynamics
Total flow rate Operational boundary condition Determines inflow weighting
Rate changes Dynamic sampling variation Improves thermal observability

Table 7. Key components of the reduced wellbore thermal transport model

Term Representation Physical Interpretation Influence on Measure‑
ments

Convective transport ṁh term Axial heat movement in
wellbore

Delays entry signal

Wall heat transfer UP(Tf – Tw) Rock–fluid heat exchange Smooths temperature
profile

Interval enthalpy input ṁℓhin
ℓ

Layer inflow energy Generates mixed temper‑
ature

Axial correction Qa Reduced residual term Minor transport effects Adjusts local balance

At very early times after flow begins, the kernel
is concentrated near the wellbore. The interval entry
temperature therefore depends mainly on a small num-
ber of near-wall thermal coefficients:

Tin,ℓ(t) = T∞,ℓ +
me∑
i=1

c(e)
ℓ,i (t)aℓ,i(t) +O(ϵt), (11)

where me ≪ Mℓ [19]. This early-time asymptotic rela-
tion explains why the strongest entry-temperature bias
is often recoverable from early data even when the full
radial thermal field is not. The hidden radial profile
has more degrees of freedom than the earliest inflow
can observe, but the portion of the profile that mat-
ters most for immediate entry condition is precisely
the portion closest to the wellbore.

Rate changes alter the entry operator even when
the hidden coefficients remain continuous. If a multi-
rate test changes from one rate level to another at time
tr, then

∆Tin,ℓ = Tin,ℓ(t+r ) – Tin,ℓ(t–r) ≈
(
c+
ℓ

– c–
ℓ

)⊤ aℓ(tr).
(12)

The hidden thermal state is therefore observed through
multiple projections over the course of a multirate test.
This is one reason multirate data can improve thermal
reconstruction rather than merely complicate it [20].

A multilayer completion adds another level of non-
locality. If the tested interval is represented by L en-
tries, then each interval has its own hidden thermal
coefficients aℓ(t) and its own entry operator cℓ(t). The
interval entry temperatures may differ even when their
far-field formation temperatures are similar, simply be-
cause their circulation histories and shut-in recoveries
differed. This distinction can be important when early

mixed wellbore temperature is used to infer interval
contribution.

The interval entry bias [21]

∆Tℓ(t) = T∞,ℓ – Tin,ℓ(t) (13)

is the most direct measure of thermal distortion in the
early inflow. It also determines the first-order error
that would arise if equilibrium-entry assumptions were
imposed. If a fluid property χ entering the inflow law
depends on temperature, then

χ(Tin,ℓ) ≈ χ(T∞,ℓ) – χT(T∞,ℓ)∆Tℓ. (14)

This means that hidden thermal memory affects flow
interpretation not only through the temperature chan-
nel but also through temperature-dependent property
shifts inside the hydraulic model.

The entry operator is therefore the core nonlocal
bridge between the hidden formation state and the
measurable test response. The next section shows how
interval entry conditions are transported and mixed in
the wellbore to generate the observed pressure-temperature
response [22].

4. ReducedWellboreResponseandMixedObservation
Generation
Measured bottom-hole temperature is not identical to
interval entry temperature. By the time the fluid reaches
the measurement point, interval streams have mixed
and the wellbore has exchanged heat with the sur-
rounding formation. The wellbore therefore acts as a
transport operator between hidden interval entry con-
ditions and observed temperature.

Let Tw(z, t) be the wellbore fluid temperature. A
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Table 8. Main components of the inverse reconstruction framework

Component Function Mathematical Element Purpose
Forwardmodel Simulates test response F ,H operators Predicts measurements
State trajectory Hidden thermal evolution x0:N Represents memory field
Regularization Physical constraints R terms Stabilizes inversion
Adjoint gradient Sensitivity computation Lagrangemultipliers Efficient optimization

Table 9. Evaluation metrics for validating reconstructed entry conditions

Metric Definition Purpose Interpretation
Entry temperature error Difference between true

and estimated Tin

Assess thermal recon‑
struction

Lower values indicate ac‑
curacy

Rate bias Deviation from true flow
rate

Detect interpretation dis‑
tortion

High bias implies thermal
impact

Interval ambiguity Uncertainty in contribu‑
tion factors

Identify poorly con‑
strained zones

Indicates need for addi‑
tional data

Consistency check Agreement with circula‑
tion history

Validate physical plausi‑
bility

Ensures realistic solution

reduced energy balance is
∂

∂t
(
ρwAwcp,wTw

)
+
∂

∂z
(
ṁhw

)
= U(z, t)P(z)

·
(
Tf(r+w , z, t) – Tw(z, t)

)
+

L∑
ℓ=1

ṁℓ(t)hin
ℓ (t)δ(z – zℓ)

+ Qa(z, t). (15)

where hin
ℓ (t) is the interval entry enthalpy implied by

Tin,ℓ(t), U is the wall conductance, and Qa collects
reduced axial effects. The wellbore temperature field
is projected onto axial basis functions: [23]

Tw(z, t) = T̄w(z) +
Nb∑
j=1

bj(t)ψj(z). (16)

The coefficient vector b(t) is the reduced wellbore ther-
mal state.

The measured bottom-hole temperature then takes
the form

Tbh(t) = W
(

b(t), {ṁℓ(t)}L
ℓ=1, {Tin,ℓ(t)}L

ℓ=1, u(t)
)

.
(17)

This operator W is distinct from the entry operator. It
acts after interval entry conditions are formed, and it
determines how quickly those entry conditions appear
in the measured channel.

The pressure channel is described by a reduced in-
terval inflow law. For interval ℓ,

ṁℓ(t) = Qℓ

(
pr,ℓ, pbh(t), Tin,ℓ(t), κℓ(t)

)
, (18)

where pr,ℓ is an effective interval pressure and κℓ(t)
is a reduced contribution factor. The temperature de-
pendence enters through fluid properties and possibly

through interval correction terms [24]. Hence the hid-
den thermal state influences both the temperature and
pressure channels, though by different mechanisms.

A convenient parametrization of interval contribu-
tion is

ṁℓ(t) = ṁtot(t)
exp(ζℓ(t))∑L
j=1 exp(ζj(t))

, (19)

where ζℓ(t) are interval allocation variables. These
variables influence temperature by controlling the mix-
ture of interval entry enthalpies and influence pressure
by controlling distributed inflow. In other words, the
same hidden contribution structure is visible in both
channels.

The reduced hidden state is therefore [25]

xk =
[
a⊤1,k, . . . , a⊤L,k, b⊤k , ζ⊤k , ϑ⊤k

]⊤
, (20)

and the reduced dynamics become

xk+1 = Aσk(ϑk)xk + Bσk(ϑk)uk + rσk(xk, uk, ϑk) + ϵk.
(21)

The observation vector is

yk =

Tbh,k
pbh,k

qk

 = Hσk(xk, uk, ϑk) + ηk. (22)

The mode σk identifies shut-in, drawdown, buildup,
or another operational segment. The hidden thermal
state remains continuous across those changes, while
the observation map changes because the test schedule
changes how the hidden state is sampled.

This reduced structure is the forward model used
by the inversion [26]. It keeps the thermal memory
explicit and locates the entry-condition map between
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formation and wellbore rather than collapsing them
into one empirical correction. The next section turns
this forward map into a reconstruction procedure.

5. IntegratedReconstructionofHiddenEntryConditions
The inverse problem is to reconstruct hidden thermal
memory, interval contributions, and uncertain param-
eters from measured pressure, temperature, and rate.
Let x0:N denote the hidden state trajectory and ϑ the
parameter vector over a test window. The reduced for-
ward model is the nonlinear map

xk+1 = Fk(xk, uk, ϑ)
yk = Hk(xk, uk, ϑ). (23)

A regularized reconstruction functional is

J (x0:N, ϑ) = 1

2

N∑
k=0

(
yk – Hk(xk, uk, ϑ)

)⊤
R–1

k

·
(

yk – Hk(xk, uk, ϑ)
)

+
1

2

N–1∑
k=0

(
xk+1 – Fk(xk, uk, ϑ)

)⊤
Q–1

k

·
(

xk+1 – Fk(xk, uk, ϑ)
)

+
1

2
(x0 – m0)

⊤P–1
0 (x0 – m0)

+
1

2
(ϑ – ϑ0)⊤W–1(ϑ – ϑ0)

+R(x0:N, ϑ). (24)

The prior mean m0 and covariance P0 carry informa-
tion from the circulation history into the test inter-
pretation [27]. Without that inheritance, broad ther-
mal modes would be weakly constrained. The parame-
ter prior (ϑ0, W) regularizes diffusivities, conductances,
and correction factors.

A specifically thermal regularization term is

Ra = λa
L∑

ℓ=1

N–1∑
k=0

∣∣0aℓ,k+1 – Gℓ,k(ϑ)aℓ,k
∣∣ 022, (25)

where Gℓ,k(ϑ) is the nominal reduced recovery propa-
gator. A contribution regularizer is

Rζ = λζ

N–1∑
k=0

|0ζk+1 – ζk|022. (26)

Additional parameter penalties enforce admissible con-
ductance and diffusivity ranges.

Adjoint gradients make the optimization tractable
[28]. Introducing multipliers λk+1 for the dynamic con-
straints yields the backward recursion

λN = (∂xNHN)⊤ R–1
N (yN – HN) , (27)

and for k = N – 1, . . . , 0,

λk = (∂xkFk)
⊤ Q–1

k (xk+1 – Fk) + (∂xkHk)
⊤ R–1

k (yk – Hk)

+ (∂xkFk)
⊤ λk+1 – ∂xkR. (28)

The parameter gradient is

∇ϑJ = W–1(ϑ – ϑ0) +∇ϑR –
N∑

k=0

(∂ϑHk)
⊤ R–1

k (yk – Hk)

–
N–1∑
k=0

(∂ϑFk)
⊤ Q–1

k (xk+1 – Fk) –
N–1∑
k=0

(∂ϑFk)
⊤ λk+1.

(29)

The sensitivity of the temperature channel to the
hidden thermal memory is mediated by the entry op-
erator:

∂Tin,ℓ,k
∂aℓ,k

= cℓ,k. (30)

This relation is the core of the reconstruction. It makes
explicit that the data never observe the hidden thermal
coefficients directly. They observe only the projections
created by cℓ,k, and those projections change with the
rate schedule. The inversion must therefore preserve
both the continuity of the hidden thermal state and
the time dependence of the entry operator [29].

A receding-window implementation is natural for
field use. Each new block of data updates the most
recent state trajectory and refines the hidden thermal
coefficients before the next operational change. A full
post-test run can then smooth the solution over the
entire horizon. In both cases the same principle ap-
plies: the hidden thermal memory created during cir-
culation is carried into the test as a structured latent
state and reconstructed from its pressure-temperature
consequences rather than from temperature alone.

6. Field‑Oriented Evaluation and Practical Reading of
Results
A meaningful evaluation of this framework should fo-
cus on the quantities that alter interpretation, not only
on goodness of fit of the observed traces. In synthetic
cases where the hidden state is known, the first diag-
nostic quantity is the interval entry temperature [30].
Let T⋆

in,ℓ,k denote the true interval entry temperature
and T̂in,ℓ,k its reconstruction. A weighted early-time
error is

Eentry,ℓ =

∑
k∈If

ωk
(

T⋆
in,ℓ,k – T̂in,ℓ,k

)2∑
k∈If

ωk
, (31)

where the weights emphasize the earliest flow period.
This metric is more relevant than full-profile error be-
cause the entry condition is the quantity that drives
the interpretation bias.
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The second diagnostic quantity is the interval or to-
tal rate bias induced by ignoring hidden thermal mem-
ory. If q⋆k is the true rate and qeq

k is the rate inferred
under equilibrium-entry assumptions, then

Bq =
1

Nf

∑
k∈If

(
q⋆k – qeq

k
)2 . (32)

Comparing this with the rate error under the thermal-
memory inversion shows directly whether explicit re-
construction of entry conditions changes the interpre-
tation in a practically meaningful way [31].

The third diagnostic quantity is interval ambiguity.
In multilayer cases the inversion should report uncer-
tainty on the interval contribution variables ζℓ and on
interval-specific entry temperatures rather than only
on the total mixed response. If the posterior or inverse-
Hessian approximation remains broad for a given inter-
val, then the data do not strongly identify that inter-
val’s hidden thermal state. This distinction between
total-response fit and interval-level identifiability is es-
sential in field applications.

For field cases, hidden truth is unavailable. The
evaluation must therefore proceed by consistency checks
[32]. One asks whether the reconstructed hidden ther-
mal memory is compatible with the known circulation
duration, thermal contrast, and shut-in time. One asks
whether equilibrium-entry assumptions produce unex-
plained early-time temperature-pressure mismatch that
disappears once hidden thermal memory is admitted.
One asks whether the resulting interval contributions
remain physically plausible. A successful reconstruc-
tion does not merely fit temperature. It makes the
temperature, pressure, and operational history agree
within one coherent thermohydraulic account.

The framework also provides a practical criterion
for when the extra complexity is justified [33]. If the
reconstructed entry-temperature bias is small relative
to uncertainty, then the well may already be close
enough to thermal equilibrium for simpler models to
suffice. If the reconstructed bias is large and strongly
supported by the data, then equilibrium-entry inter-
pretation is unsafe during the early portion of the test.
The method is therefore not an all-or-nothing replace-
ment for existing analysis. It is a way to decide whether
hidden thermal memory is still active enough to mat-
ter.

7. Conclusion
Early drill stem test data in recently circulated wells
are generated by a system that has not forgotten its
thermal past. The near-wellbore region retains a ra-
dial temperature disturbance created during circula-
tion, and that disturbance shapes the temperature of
fluid entering the wellbore during the earliest stages of
flow [34]. Because the entry condition is itself hidden

and is seen only through changing flow-weighted pro-
jections, the interpretation problem is naturally one of
nonlocal thermal memory inversion rather than local
boundary correction.

The framework developed here represented that mem-
ory in reduced radial coordinates, mapped it into inter-
val entry temperatures through a time-dependent en-
try operator, and coupled those entry conditions to a
reduced pressure-temperature wellbore response. From
that structure, an integrated inverse reconstruction over
thermal coefficients, interval contributions, and uncer-
tain parameters was derived. The analysis showed why
the earliest data constrain near-wall thermal deficit
most strongly, why multirate schedules improve ther-
mal observability by changing the projection geometry,
and why broad radial modes remain partly prior sup-
ported even when the observed fit is good. The practi-
cal result is a more disciplined way to decide when hid-
den thermal recovery matters for early drill stem test
interpretation and how strongly it affects inferred entry
conditions and early flow behavior. In wells where the
disturbed near-wellbore zone has not yet recovered, a
nonlocal thermal-memory model provides a firmer ba-
sis for interpretation than equilibrium-entry assump-
tions or scalar temperature corrections alone [35].
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