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Abstract

Gas-liquid multiphase transport in annular channels and networked conduits is often modeled by two-fluid balance
laws whose numerical solution becomes challenging under stiff interfacial exchange, strong slip, and sparse operational
constraints. In practical regimes, reliable computation requires more than accuracy: it requires positivity of phase
masses and volume fractions, bounded thermodynamic states, and dissipation consistent with the second law. This
paper develops a structure-preserving implicit simulation framework for one-dimensional two-fluid networks based on
a thermodynamic metric that acts simultaneously as an entropy symmetrizer and as a preconditioner for Newton–
Krylov solves. The central contribution is a preconditioning strategy defined in entropy-variable coordinates, where
the Jacobian of the discretized residual is rendered close to symmetric in a weighted inner product and where stiff
source couplings are balanced by metric-consistent scaling. A complementary constrained projection is introduced
to enforce admissibility during nonlinear iterations without destroying differentiability, enabling stable sensitivity
analysis through discrete adjoints. The method integrates network junction constraints through a Schur-complement
coupling that preserves conservation while maintaining the entropy inequality at the fully discrete level. Numerical
experiments on annular segments and branched networks demonstrate that the thermodynamic-metric preconditioner
reduces Krylov iterations across wide operating envelopes and suppresses solver stagnation near phase-disappearance
limits, while the admissibility projection eliminates nonphysical intermediate iterates that would otherwise destabilize
implicit solves. The resulting approach targets robust, scalable simulation and gradient computation for multiphase
networks under stiff closures and limited numerical damping.

1. Introduction

Implicit simulation of gas–liquid two-phase flows re-
mains a persistent technical challenge because the gov-
erning models combine hyperbolic transport with stiff
interfacial and wall exchange processes, strong nonlin-
ear thermodynamics, and constraint sets that reflect
physical admissibility rather than mathematical con-
venience [1]. In annular and near-annular conditions,
the state can approach phase-disappearance limits lo-
cally, slip can change rapidly, and closures for momen-
tum and energy exchange can introduce effective time
scales far smaller than those implied by bulk convec-
tion. Explicit time integration then becomes impracti-
cal, while fully implicit methods can fail to converge or
can converge to nonphysical states unless the nonlinear
solve is carefully stabilized. The difficulty is amplified
in network settings, where junction constraints couple
segments algebraically and where boundary actuation
can abruptly shift operating points. These factors mo-
tivate solver designs that are not merely fast on average
but robust with respect to extreme local states, closure
stiffness, and the geometry of the admissible set.

A common practical response is to reduce model
fidelity, add numerical diffusion, or clip state variables
when they drift out of bounds. Such responses can
be operationally effective in narrow contexts, yet they
obscure the underlying stability structure and compli-
cate sensitivity analysis and optimization, where dif-
ferentiability and consistency matter. If an implicit
method relies on ad hoc clipping, the discrete resid-
ual no longer corresponds to a well-defined variational
or balance principle, and gradients become unreliable.
Conversely, if one insists on strict conservation and
thermodynamic consistency but uses generic Newton–
Krylov machinery without structure-aware scaling, the
linearized systems can become severely ill conditioned,
leading to stagnation or divergence precisely in the
regimes where implicit simulation is most needed. The
central question addressed in this paper is therefore
how to design an implicit solver for two-fluid networks
that is simultaneously structure preserving, robust near
admissibility boundaries, and computationally scalable.

The approach adopted here is to treat the two-fluid
model not as an arbitrary nonlinear system but as a dis-
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Figure 1. End-to-end architecture for entropy-stable implicit simulation of a gas–liquid two-fluid network. Conservative
states advance by solving a fully implicit residual with Newton–Krylov iterations, accelerated by a thermodynamic-metric
preconditioner and safeguarded by smooth admissibility enforcement that keeps phase masses, volume fractions, and
thermodynamic inversions well-defined during nonlinear iterations. Junction constraints enter as coupled residual blocks
so conservation is enforced at nodes while edge dynamics are advanced consistently.

Table 1. Conservative state components for the one-dimensional two-fluid model.

Component Symbol Definition
Gas mass per unit length mg mg = αgρgA
Liquid mass per unit length mℓ mℓ = αℓρℓA
Gas momentum per unit length pg pg = mgug

Liquid momentum per unit length pℓ pℓ = mℓuℓ
Gas total energy per unit length eg eg = mgEg

Liquid total energy per unit length eℓ eℓ = mℓEℓ

sipative balance law that admits an entropy function,
with associated entropy variables that symmetrize the
hyperbolic part and encode a natural thermodynamic
metric [? ]. In classical theory, entropy variables pro-
vide a coordinate system in which flux Jacobians be-
come symmetric and where energy stability can be an-
alyzed through convexity. In practice, however, most
industrial two-fluid solvers operate in conservative vari-
ables because they are directly tied to conservation
constraints, and because entropy-variable formulations
can be awkward when closures are expressed in prim-
itive variables. This paper bridges that gap by using
entropy variables as an internal computational coor-
dinate for preconditioning and for projection, while
retaining a conservative-variable residual as the pri-
mary object solved to ensure conservation and consis-
tent junction coupling.

A second motivating observation is that, while regime

labels are not themselves a numerical method, the suc-
cess of data-driven regime recognition in annular chan-
nels suggests that multiphase state trajectories occupy
structured subsets of state space and that measurable
signals can strongly constrain which parts of that sub-
set are realized. Manikonda et al. (2021) described
early machine-learning classification models that, in
annular flow-channel experiments, could infer gas–liquid
flow regimes with very high predictive performance and
operationally low latency, indicating that annular mul-
tiphase behavior produces consistent signatures in ac-
cessible measurements rather than arbitrary variabil-
ity [2]. The present paper does not build a classifier
and does not frame the solver around regime labeling,
but this empirical observation reinforces a methodolog-
ical stance: numerical methods should be designed to
respect the geometry of physically realized states, in-
cluding admissibility boundaries and dissipative struc-
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Figure 2. Entropy geometry used as a computational coordinate system. A convex entropy defines entropy variables and a
positive-definite Hessian that induces a thermodynamic metric. The inverse metric provides a structured scaling between
conservative perturbations and entropy-variable perturbations, enabling metric-aware linear solves and constraint handling
in a thermodynamically meaningful norm.

Table 2. Primitive and thermodynamic quantities derived from the conservative variables.

Quantity Symbol Relation
Gas volume fraction αg αg = mg/(ρgA)

Liquid volume fraction αℓ αℓ = mℓ/(ρℓA)

Phase velocity uk uk = pk/mk

Specific total energy Ek Ek = eint
k + 1

2
u2

k
Temperature Tk From EOS: Tk = T(ρk, eint

k )

Pressure p From EOS: p = p(ρk, eint
k )

ture, rather than to rely on generic algebraic robust-
ness mechanisms that ignore that geometry.

A further motivation is the increasing demand for
differentiable simulation. Whether the goal is parame-
ter calibration, uncertainty quantification, design opti-
mization, or control synthesis, gradients through mul-
tiphase solvers are becoming as important as forward
predictions. Differentiable simulation is particularly
fragile in stiff nonlinear systems because small pertur-
bations can lead to large changes in iteration counts,
active constraints, and local linearization quality. A
solver architecture that is stable and that enforces ad-
missibility through smooth mechanisms therefore di-
rectly supports reliable sensitivity analysis. This paper
explicitly targets this requirement by constructing pre-
conditioning and projection operations that are com-
patible with discrete adjoints, enabling stable gradi-
ent computation even when the forward solve operates
near phase limits [3].

The central technical contribution is a thermodynamic-
metric preconditioner for Newton–Krylov implicit solves
of discretized two-fluid network equations. The precon-
ditioner is derived from an entropy-variable mapping
and can be interpreted as a Riemannian metric on the
state manifold induced by convex entropy. In that met-
ric, the linearized residual becomes closer to symmet-

ric and better balanced across conserved components,
while stiff source couplings become naturally scaled by
thermodynamic sensitivities. This reduces the spread
in Jacobian eigenvalues and improves Krylov conver-
gence. The preconditioner is complemented by an ad-
missibility projection that enforces positivity and a
discrete entropy inequality during nonlinear iterations.
Unlike hard clipping, the projection is posed as a con-
strained minimization in entropy-variable space, yield-
ing a smooth correction that can be differentiated through.
Junction coupling is handled by a Schur-complement
construction that respects conservation at nodes and
that preserves the entropy inequality when edges are
coupled.

The paper is organized around these elements. The
next section formalizes a two-fluid network discretiza-
tion, defines an entropy function and associated en-
tropy variables, and introduces the thermodynamic met-
ric that will be used for preconditioning and projection.
The following section derives the implicit time integra-
tion scheme and the Newton–Krylov solve, then con-
structs the thermodynamic-metric preconditioner and
analyzes its effect on linear system conditioning [4].
The next section develops the admissibility projection
and its integration into nonlinear iterations, empha-
sizing differentiability and the preservation of a dis-



4 Lucas Tavares et al.

Newton system
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Figure 3. Metric-scaled Newton linearization. The update is expressed through the inverse entropy Hessian, converting
conservative increments into entropy-variable increments. In the metric-induced inner product, the transformed operator
becomes better balanced and typically closer to symmetric, motivating preconditioners that combine entropy-based scaling
with sparse approximations of transport and stiff source couplings.

Table 3. Entropy-related objects and their roles in the thermodynamic metric.

Quantity Symbol Role
Entropy density η(U) Convex potential defining admissible thermodynamic states
Entropy variables V(U) V = ∂η/∂U (coordinate transform)
Entropy Hessian H(U) H = ∂2η/∂U2, positive definite in interior
Thermodynamic metric ⟨δU,δU⟩η δU⊤H(U)δU
Entropy flux ψ(U) Satisfies continuous entropy balance with dissipation

crete entropy inequality. The subsequent section ex-
tends the method to network junction coupling, pre-
senting a Schur-complement strategy that integrates
node constraints without destroying edge-level entropy
stability. The final technical section reports compu-
tational experiments that evaluate solver robustness,
iteration counts, and gradient stability on annular seg-
ments and networked configurations across stiff closure
regimes. The conclusion summarizes implications and
limitations, focusing on how thermodynamic geometry
can be used as a computational tool for robust multi-
phase implicit simulation.

2. EntropyVariables, ThermodynamicMetrics, andDis‑
cretized Two‑Fluid Residuals
A robust implicit method for two-fluid models must
begin from a discretization that makes explicit both
conservation structure and the dissipative constraints
that define admissibility. Consider a one-dimensional
network edge parameterized by an axial coordinate x
with a cross-sectional area A(x) and hydraulic geome-

try appropriate to an annulus. Let k ∈ {g, ℓ} denote
gas and liquid. In a conservative representation, one
evolves phase masses, phase momenta, and phase total
energies per unit axial length. A representative conser-
vative state on a cell is

U =
(
mg, mℓ, pg, pℓ, eg, eℓ

)
, (1)

where mk = αkρkA are phase masses per unit length,
pk = mkuk are phase momenta per unit length, and
ek = mkEk are phase total energies per unit length.
The variables αk are volume fractions, ρk are densities,
uk are velocities, and Ek = eint

k + 1
2u2k are specific total

energies, with eint
k internal energy. The mapping be-

tween (mk, ek, pk) and primitive variables involves an
equation of state and geometric relations between αk
and film thickness-like variables in annular conditions.
The details of the equation of state are not the focus
of this paper, but it is assumed that a convex ther-
modynamic entropy exists and that pressure and tem-
perature can be computed consistently from internal
energy and density [? ].
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Figure 4. Cell-local structure exploited by the thermodynamic-metric preconditioner. Nearest-neighbor transport contri-
butions enter through flux Jacobians, while stiff interfacial and wall exchange terms are treated as compact local blocks
whose inversion can be approximated cheaply. Entropy-metric scaling is applied cellwise so that momentum and energy
couplings remain well balanced even when a phase mass becomes small.

Table 4. Residual and Jacobian structure for fully implicit time integration.

Object Symbol Expression
Time‑step residual R(Un+1) Un+1 – Un – ∆tF(Un+1,θn+1)

Transport Jacobian Jtr ∂(flux differences)/∂U
Source Jacobian Jsrc ∂S(U,θ)/∂U
Full Jacobian J J = I – ∆t (Jtr + Jsrc)

Newton correction δU Solves J(U(k))δU(k) = –R(U(k))

Spatial discretization partitions each edge into cells
indexed by i with length ∆xi. A semidiscrete conser-
vative update for the hyperbolic transport can be writ-
ten as a flux difference plus source contributions. Let
Fi+1/2(U) denote a numerical flux at the interface be-
tween cells i and i+1. Let Si(U, θ) denote source terms,
including gravity, wall friction, interfacial momentum
exchange, and heat transfer, parameterized by closure
coefficients collected in θ. The semidiscrete evolution
is

d
dtUi = – 1

∆xi

(
Fi+1/2 – Fi–1/2

)
+ Si(U, θ) + Ji(U, θ),

(2)

where Ji captures junction coupling for boundary-adjacent
cells. A fully implicit time integration over a time step
∆t produces a nonlinear residual equation for Un+1 of
the general form

R(Un+1) = Un+1 – Un – ∆tF(Un+1, θn+1) = 0,
(3)

where F denotes the spatial operator including flux dif-
ferences, sources, and junction coupling. In a network,
U denotes the concatenated vector over all edges and
selected node variables.

The admissible set for U includes positivity con-
straints mk ≥ 0, bounds on volume fractions 0 ≤ αk ≤
1, and thermodynamic bounds ensuring positive tem-
peratures and physically meaningful pressures. In two-
fluid systems, these constraints are not independent;
for example, αk depends on mk and ρk, and ρk de-
pends on equation-of-state inversion from internal en-
ergy. It is computationally convenient to treat admis-
sibility through a convex entropy. Let η(U) denote an
entropy density that is convex in the conservative vari-
ables over the admissible set [5]. The exact expression
depends on the thermodynamic model, but the crucial
property is convexity. An associated entropy flux ψ(U)
exists for the hyperbolic part, and dissipative sources
satisfy an entropy production inequality. At the con-
tinuous level, one expects

∂tη(U) + ∂xψ(U) ≤ σ(U, θ), (4)
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Figure 5. Admissibility enforcement embedded in nonlinear iterations. A tentative Newton update is passed through a
smooth barrier/projection mechanism formulated in the thermodynamic metric, maintaining positivity and bounded phase
fractions while keeping equation-of-state inversions and closure evaluations well conditioned. The same metric supports
step control that discourages iterates from approaching phase-disappearance limits too aggressively.

Table 5. Thermodynamic-metric preconditioning operators in entropy-variable coordinates.

Operator Symbol Description
Entropy Hessian H(U) Local metric tensor on the conservative state manifold
Inverse metric G(U) G = ∂U/∂V = H–1

Metric‑scaled Jacobian J̃(U) J̃ = G⊤JG
Source contribution J̃src J̃src = H1/2JsrcH1/2

Preconditioner M–1 M–1 = H–1/2P–1H1/2 with P ≈ H1/2JH1/2

with σ nonpositive in a sign convention where entropy
is convex and dissipation decreases η. At the discrete
level, entropy stability is encoded by choosing numer-
ical fluxes and source discretizations such that a dis-
crete inequality holds. The present paper uses this
structure as a computational asset rather than as a
purely analytical property.

Entropy variables are defined as the gradient of en-
tropy with respect to conservative variables:

V =
∂η

∂U (U). (5)

Convexity implies that the Hessian H(U) = ∂2η/∂U2

is positive definite in the interior of the admissible set,
and that the mapping between U and V is invertible.
This Hessian defines a natural inner product and thus
a thermodynamic metric:

⟨δU, δU⟩η = δU⊤H(U) δU. (6)

In the context of hyperbolic conservation laws, entropy
variables symmetrize the flux Jacobians: if A(U) =
∂f/∂U is the flux Jacobian for a physical flux f, then
H(U)A(U) is symmetric under suitable assumptions.
While two-fluid models with complex closures may not
be globally symmetrizable in the same strict sense as
single-fluid Euler equations, the entropy-variable map-

ping still provides a meaningful scaling for the conser-
vative components, reflecting thermodynamic sensitiv-
ities and balancing the relative magnitudes of mass,
momentum, and energy perturbations [6]. This scal-
ing becomes particularly relevant for implicit solves,
where ill conditioning often arises from disparate units
and stiffness across components.

The thermodynamic metric is used in this paper to
build a preconditioner for the Jacobian of the implicit
residual. To do that, one must define the Jacobian of
the residual in conservative variables and express how
it transforms under the entropy-variable mapping. Let
R(U) denote the global residual for a time step. The
Jacobian is

J(U) =
∂R
∂U (U). (7)

A standard Newton update solves

J(U(k)) δU(k) = –R(U(k)), (8)

then updates U(k+1) = U(k) + δU(k). In practice, J is
large and sparse and is solved approximately by Krylov
methods. Krylov convergence depends strongly on the
conditioning and spectrum of J. Because J includes
contributions from both transport and stiff sources, its
spectrum can be wide. Moreover, the scaling of conser-
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Figure 6. Network junction coupling integrated through a Schur-complement strategy. Edge states and node variables
form a block Jacobian; eliminating edge unknowns yields a compact node-level operator capturing global coupling. Using
the thermodynamic-metric edge preconditioner as an approximate inverse produces a metric-consistent Schur complement
that improves convergence in connected networks while preserving conservation in the converged solution.

Table 6. Representative admissibility constraints for the conservative state and entropy.

Variable Constraint Type Notes
Phase mass mk mk ≥ 0 Positivity Prevents loss of phase and EOS breakdown
Volume fractionαk αk ∈ [ϵ, 1 – ϵ] Box constraint Buffers phase‑disappearance limits
Temperature Tk Tk ≥ Tmin Lower bound Avoids unphysical low‑temperature states
Internal energy eint

k eint
k ∈ [emin, emax] Box constraint Enforces thermodynamic consistency

Discrete entropy η(Un+1) ≤ η(Un) + ∆tΣ Inequality Encodes step‑level entropy dissipation

vative variables leads to poorly balanced block struc-
ture, particularly when phase masses are small and mo-
menta and energies remain finite, as occurs near phase
disappearance [7]. These factors motivate transform-
ing the linear system into entropy-variable coordinates.

Under a change of variables V = V(U), a Newton
step can be written in terms of δV:

δU = G(U) δV, (9)

where G(U) = ∂U/∂V is the inverse Hessian, G(U) =
H(U)–1 when V = ∂η/∂U. Substituting into the New-
ton system yields

J(U)G(U) δV = –R(U). (10)

If one left-multiplies by G(U)⊤, one obtains a sym-
metrized form in the metric induced by G:

G(U)⊤J(U)G(U) δV = –G(U)⊤R(U). (11)

The matrix G⊤JG is not exactly symmetric in general,
but it is typically better balanced and closer to sym-

metric in regimes where entropy variables align with
the dominant stiffness mechanisms. This motivates us-
ing G as a preconditioning operator. Instead of solving
in δV exactly, one uses the metric structure to define a
preconditioner M that approximates J–1 in a way that
respects thermodynamic scaling.

A second role of the entropy metric is to define
a smooth projection onto the admissible set. When
Newton iterates stray near or outside admissibility, the
equation-of-state inversion can fail or can produce non-
physical pressures. A projection defined in the entropy
metric penalizes deviations in thermodynamically mean-
ingful units rather than in raw conservative units. This
can prevent the projection from introducing artificial
energy changes that destabilize entropy stability. The
projection will be developed later, but its conceptual
foundation is the same: entropy provides a convex ge-
ometry that can be used both to guide linear solves
and to enforce constraints [8].

In two-fluid models, closures introduce additional
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Figure 7. Representative branched two-fluid network used to motivate junction-aware solver design. Edges carry conser-
vative two-fluid states while nodes impose algebraic constraints enforcing conservation and modeling phase splitting and
pressure losses. The implicit solve couples edge and node unknowns so that global operating changes at junctions are
handled without breaking entropy stability or conservation.

Table 7. Entropy-metric projection ingredients for admissibility-preserving Newton iterations.

Feature Symbol / expression Purpose
Projection operator Π(Ũ) Maps tentative state to admissible U = Π(Ũ)

Reference state U⋆ Anchor for local metric in the quadratic objective
Metric‑weighted distance (U – Ũ)⊤H(U⋆)(U – Ũ) Objective minimized under constraints
Barrier parameter µ Scales smooth penalties for constraint proximity
Merit function ϕ(U) Combines residual normwith entropy‑based barrier terms

complexity because sources depend on primitive vari-
ables and on regime-dependent coefficients. The im-
plicit residual includes source terms that may be stiff,
such as interfacial drag modeled as a relaxation toward
equal velocities or slip relations. Such sources can be
written abstractly as

S(U, θ) = S
(
W(U), θ

)
, (12)

where W(U) denotes primitive variables derived from
U. The Jacobian of the sources involves chain rules
through W(U), which can be ill conditioned near phase
limits. The entropy metric helps because it rescales
these derivatives according to thermodynamic sensitiv-
ities. Moreover, the preconditioner in this paper ex-
plicitly separates transport and source stiffness, using
a block structure that handles stiff exchange terms in
a scaled manner consistent with entropy variables.

A final aspect of the discretized residual is the net-
work coupling. Junction constraints enforce conserva-
tion across incident edges and may introduce algebraic
constraints on pressures and phase splits. These con-
straints appear as additional residual components and

thus modify the Jacobian structure [? ]. A precondi-
tioner that ignores junction coupling can degrade as
the network becomes more connected, because Schur
complement effects can dominate. The thermodynamic
metric approach is compatible with Schur complement
preconditioning because it provides a natural scaling
for both edge and node variables, enabling stable elim-
ination and coupling in a metric-consistent way. This
integration is treated in a later section.

Manikonda et al. (2022) provided further evidence
that annular multiphase patterns are not only physi-
cally structured but also algorithmically separable by
reporting state-of-the-art machine-learning classifiers
that can predict gas–liquid two-phase flow regimes in
annular channels with very high accuracy across var-
ied conditions, reinforcing that annular flow states oc-
cupy organized subsets of behavior rather than arbi-
trary excursions [9]. This paper applies that broader
implication, not by importing classification logic into
the solver, but by designing the solver to respect the
thermodynamic and geometric structure of physically
realized states, using entropy-based metrics to stabilize
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Figure 8. Discrete-adjoint workflow aligned with the implicit Newton–Krylov solve. The forward step provides the con-
verged state and linearization information needed by the transpose system. Smooth admissibility enforcement avoids
nonsmooth clipping artifacts, supporting stable and reproducible gradients for calibration, optimization, and uncertainty
analysis in stiff multiphase network settings.

Entropy‑stable flux
Fi+1/2

Dissipative sources
Si(U,θ)

Junction losses
& conservation constraints

Fully discrete step
R(Un+1) = 0
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Figure 9. Entropy-stable discretization components assembled into a fully implicit step. Numerical fluxes, dissipative
interfacial/wall exchange terms, and junction models contribute to a residual whose converged solution is intended to
respect a discrete entropy inequality. This structure motivates using entropy variables as an internal geometric tool for
scaling and stabilization in the nonlinear and linear solves.

computation as the system traverses those subsets.
The rest of the paper treats entropy variables and

the thermodynamic metric as computational primitives.
The next section uses them to construct an implicit
integration and preconditioning strategy, emphasizing
how metric scaling changes the eigenstructure and con-
ditioning of the linearized systems that dominate run-
time.

3. ImplicitTime IntegrationandThermodynamic‑Metric
Newton–Krylov Preconditioning
Implicit integration for two-fluid network models is of-
ten required because explicit stability constraints can
become excessively restrictive when interfacial exchange
is stiff or when fine spatial resolution is needed to
capture rapid transients. A fully implicit method dis-

cretizes time so that fluxes and sources are evaluated
at the unknown state. This yields a nonlinear sys-
tem whose solution dominates computational cost [10].
The objective of this section is to construct an implicit
method whose nonlinear iterations are stabilized by a
thermodynamic-metric preconditioner derived from en-
tropy variables, reducing Krylov iteration counts and
improving convergence robustness near phase limits.

Consider a backward Euler step for simplicity of
exposition:

R(Un+1) = Un+1 – Un – ∆tF(Un+1, θn+1) = 0.
(13)

Higher-order implicit methods can be treated similarly,
but backward Euler already captures the stiffness and
conditioning issues. Newton’s method forms linear sys-
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Figure 10. Where the thermodynamic metric enters the inner linear algebra loop. Krylov methods repeatedly apply the
Jacobian action and a preconditioner; metric-based scaling reshapes these actions so that the dominant stiff exchange modes
and thermodynamic sensitivities are treated with compatible magnitudes. Buffered admissibility prevents degeneracy in
entropy derivatives, stabilizing both preconditioning and matrix-free Jacobian evaluations.

Table 8. Block structure of the network Jacobian and associated Schur complement.

Block Dimensions Description
JUU NU × NU Coupling of edge conservative states across the network
JUZ NU × NZ Sensitivity of edge residuals to node variables
JZU NZ × NU Node conservation constraints acting on edge states
JZZ NZ × NZ Local coupling of node variables within junction models
Schur complement S NZ × NZ S = JZZ – JZUJ–1

UUJUZ for node solves

tems

J(U(k)) δU(k) = –R(U(k)), (14)

where U(k) is the current iterate. Krylov methods such
as GMRES solve these systems approximately, using a
preconditioner M to accelerate convergence. In a left-
preconditioned system, one solves

M–1J δU = –M–1R. (15)

The choice of M is critical. A simple block Jacobi or
ILU preconditioner in conservative variables can fail
near phase disappearance because the Jacobian blocks
become ill conditioned. Moreover, stiffness from source
terms can create eigenvalues with large negative real
parts, while transport terms produce eigenvalues asso-
ciated with wave propagation. The combination yields
a nonnormal Jacobian with a broad spectrum [11].

The thermodynamic-metric preconditioner begins
by representing the Jacobian in entropy-variable coor-
dinates, or equivalently by introducing a metric-scaled
linear system. Let G(U) = ∂U/∂V denote the inverse
entropy Hessian. The metric-scaled Jacobian is

J̃(U) = G(U)⊤J(U)G(U). (16)

This transformation is motivated by two properties.
First, the entropy metric balances conservative compo-
nents: perturbations in phase mass, momentum, and

energy that correspond to comparable thermodynamic
changes have comparable norm. Second, transport terms
derived from conservative fluxes tend to become closer
to symmetric in this metric, reducing nonnormality
and improving Krylov convergence. In practice, one
does not form J̃ explicitly. Instead, one constructs a
preconditioner that approximates the action of J–1 by
exploiting G as a scaling operator and by incorporat-
ing a simplified approximate inverse of the transformed
operator.

A practical preconditioning strategy uses the fac-
torization

J ≈ H–1/2 (H1/2JH1/2)H–1/2, (17)

where H is the entropy Hessian and H–1/2 denotes
a symmetric factor. The operator H1/2JH1/2 is bet-
ter balanced. One then approximates its inverse us-
ing a sparse block structure that separates transport
and stiff sources. The thermodynamic-metric precon-
ditioner is defined as

M–1 = H–1/2 P–1 H1/2, (18)

where P approximates H1/2JH1/2. The challenge is to
choose P so that it captures dominant stiffness with
manageable cost.

To build P, the residual operator is decomposed
into transport and source contributions [12]. Let Jtr
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Table 9. Representative computational experiment configurations and dominant stiffness mechanisms.

Case Dominant stiffness Highlighted behavior
Annular segment: drag‑dominated Interfacial momentum exchange Krylov iteration reduction across large time steps
Annular segment: friction‑dominated Wall shear Improved Newton robustness under rough‑wall closures
Thermally active segment Interfacial heat transfer Coupled energy–momentum conditioning via metric scaling
Branched network Junction conservation Iteration scaling with metric‑consistent Schur complement
Phase‑disappearance stress test Near‑zero phase fractions Projection prevents nonphysical intermediate states

denote the Jacobian of the transport discretization and
Jsrc denote the Jacobian of sources and junction cou-
pling. Then

J = I – ∆t (Jtr + Jsrc). (19)

Stiffness often resides in Jsrc, particularly in interfa-
cial drag and heat exchange. Transport can be moder-
ately stiff when characteristic speeds are high, but it
is usually less stiff than exchange processes when slip
relaxation is strong. A preconditioner that treats Jsrc
implicitly and Jtr approximately is therefore effective.
In the thermodynamic metric, one defines

P = I – ∆t
(
J̃src +Atr

)
, (20)

where J̃src = H1/2JsrcH1/2 and Atr is a sparse approxi-
mation of the transformed transport Jacobian H1/2JtrH1/2.
The approximation Atr can be taken as a block lower-
triangular upwind operator or as a local characteristic-
based diagonal, reflecting that transport coupling is
nearest-neighbor and that exact inversion is expensive.
The key is that source stiffness is treated with greater
fidelity.

Interfacial momentum exchange provides a concrete
example. Suppose a drag source drives relative velocity
toward zero with a rate coefficient Ki ≥ 0:

S(m)
g = –Ki

(
ug – uℓ

)
, S(m)

ℓ
= Ki

(
ug – uℓ

)
. (21)

In conservative variables, the Jacobian with respect
to momenta includes terms proportional to Ki and to
derivatives of uk with respect to momenta and masses,
which can blow up when masses are small. In en-
tropy variables, these derivatives are scaled by ther-
modynamic sensitivities, reducing extreme magnitudes.
The preconditioner further treats these drag couplings
as local stiff blocks that can be inverted analytically
or with small dense solves per cell. This yields a block
structure in P where each cell contributes a small block
capturing drag and friction couplings, while transport
couplings remain sparse and approximate.

Wall friction provides a second example [13]. Fric-
tion sources often depend nonlinearly on velocity mag-
nitude and on phase fraction. Their Jacobians can be
strongly state dependent, leading to nonlinearity that
challenges Newton convergence. The thermodynamic-
metric approach reduces sensitivity by scaling friction

derivatives in a way that corresponds to entropy changes.
In addition, the preconditioner uses a lagged friction
Jacobian, evaluating friction derivatives at the current
iterate but treating them as part of the local block.
This captures stiffness without requiring global cou-
pling. Because friction is dissipative, its inclusion in
the preconditioner also tends to shift eigenvalues to-
ward the negative real axis, which can improve the
damping of high-frequency errors in Krylov iteration.

The thermodynamic-metric preconditioner can be
interpreted as a Riemannian preconditioner on the state
manifold. Newton’s method in Euclidean space can
be seen as seeking a root using local linearization. In
a Riemannian metric defined by H(U), a natural gra-
dient step would scale directions by the inverse met-
ric. While this paper does not replace Newton with
a natural gradient method, it adopts the core scaling
idea at the linear-solve level. The preconditioner effec-
tively applies a metric-based scaling to the Krylov ba-
sis, causing Krylov search directions to align with ther-
modynamically meaningful perturbations rather than
with raw conservative perturbations [? ]. This align-
ment can drastically reduce Krylov iterations when the
dominant ill conditioning is due to unit disparity and
near-singular variable transformations.

A key practical concern is the computation of H1/2

and its application. For a general entropy function,
computing the Hessian and its factorization can be ex-
pensive. The method therefore uses an approximation
that captures dominant scaling without exact factor-
ization. Specifically, one uses a block-diagonal approx-
imation of H per cell, based on local thermodynamic
derivatives, and applies a diagonal or small-block Cholesky
factor. This yields an efficient scaling that can be up-
dated each Newton iteration with low overhead. Be-
cause the objective is preconditioning rather than ex-
act transformation, such approximations are effective
provided they preserve positivity and avoid extreme
condition numbers.

The preconditioner must also remain well defined
near phase disappearance, where entropy Hessians can
become ill conditioned due to degeneracy in variables.
The method addresses this by enforcing a buffer ϵ on
volume fractions in the admissibility projection, ensur-
ing iterates remain in the interior of the admissible
set where the entropy mapping remains invertible. In
addition, the Hessian approximation is regularized by
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adding a small diagonal stabilization that bounds con-
dition numbers. This regularization is designed to be
consistent with entropy geometry: it does not change
the residual, only the scaling used in preconditioning
[14]. It therefore affects solver performance but not
the discrete solution.

Beyond linear system conditioning, the nonlinear
convergence of Newton’s method can be fragile in stiff
multiphase systems. Line search and trust region meth-
ods can help, but they can also increase cost and com-
plicate differentiability. The framework adopts a damped
Newton strategy where step acceptance is governed by
a merit function defined in the entropy metric. Let
ϕ(U) = 1

2 |0R(U)|02WR
denote a residual norm. A stan-

dard line search uses ϕ. Here, the method defines a
merit function that includes an entropy barrier term
that penalizes approaching admissibility boundaries smoothly.
This barrier is the same as used later in projection.
The combined merit function reduces the likelihood of
Newton steps that push iterates toward nonphysical
regions, thereby improving convergence and reducing
the frequency with which projection must intervene.

To analyze conditioning improvements, consider a
simplified linearized system where transport is neglected
and stiff sources dominate. Then

J ≈ I – ∆t Jsrc. (22)

If Jsrc has eigenvalues spanning multiple orders of mag-
nitude due to variable scaling, then J is ill conditioned
for large ∆t. In the entropy metric, H1/2JH1/2 has
eigenvalues rescaled by thermodynamic sensitivities, re-
ducing spread. In addition, local inversion of stiff blocks
in P captures dominant eigenvalues, leaving a precon-
ditioned system whose eigenvalues are clustered. For
Krylov methods, such clustering is strongly associated
with rapid convergence [15]. While two-fluid Jacobians
remain nonnormal and thus eigenvalue clustering is
not the whole story, the metric transformation also
reduces nonnormality by making transport-like contri-
butions closer to symmetric. This reduces the growth
of Krylov residual norms associated with nonnormality
and improves convergence predictability.

The preconditioner also interacts favorably with
network coupling. Junction constraints often couple
pressures and flows across edges, creating global modes
that are poorly handled by purely local precondition-
ers. In the thermodynamic metric, these global modes
are scaled consistently, making Schur complement ap-
proximations more accurate. The paper treats junc-
tion coupling in detail later, but the preconditioner is
designed from the outset to admit a block structure
where edge-local solves and node-level Schur comple-
ment solves can be combined.

The remainder of the solver architecture requires
enforcing admissibility during nonlinear iterations and
enabling differentiable sensitivity analysis. These top-

ics are intertwined: if admissibility is enforced by non-
smooth clipping, differentiability fails; if it is not en-
forced, the solver can diverge or produce unphysical
intermediate states that break equation-of-state inver-
sions. The next section therefore develops a smooth
admissibility projection posed in the entropy metric
and integrates it into Newton iterations in a way that
preserves a discrete entropy inequality and supports
discrete adjoints.

4. Admissibility Projection and Discrete‑Adjoint Com‑
patibility Under Entropy Constraints
In multiphase two-fluid models, admissibility is not a
minor detail but a defining feature of the physically
meaningful state space [16]. Positivity of phase masses,
bounded volume fractions, and thermodynamic con-
sistency must hold not only for the final converged
solution but also for intermediate iterates in an im-
plicit solver, because primitive-variable recovery and
closure evaluation require admissible states. A robust
nonlinear solver therefore requires a mechanism that
prevents iterates from leaving the admissible set. At
the same time, applications increasingly require differ-
entiability of the solver mapping, which is undermined
by hard clipping or by conditional logic. This sec-
tion constructs an admissibility projection defined in
an entropy-induced metric, integrates it into Newton–
Krylov iterations, and describes how the resulting al-
gorithm remains compatible with discrete adjoint sen-
sitivity analysis.

Let A denote the admissible set for the conservative
state U. A minimal definition includes

mk ≥ 0,
αk ∈ [ϵ, 1 – ϵ],
Tk ≥ Tmin, (23)

where Tk are phase temperatures computed from equa-
tion of state, and ϵ is a small buffer preventing phase
fractions from reaching exactly 0 or 1. Additional
bounds can be included, such as upper bounds on inter-
nal energies to prevent unphysical temperatures. The
entropy inequality adds a dynamic admissibility con-
straint: the discrete step should not increase entropy
beyond what is permitted by dissipative sources and
numerical flux dissipation. For a backward Euler up-
date, one can formulate a discrete entropy condition
based on the difference η(Un+1) – η(Un) and an esti-
mate of entropy production. A sufficient condition is

η(Un+1) ≤ η(Un) + ∆tΣ(Un+1, θn+1), (24)

where Σ is a bound derived from dissipative closure
work. Because Σ may be hard to compute exactly, the
method uses a conservative approximation that ensures
dissipation [17]. The key point is that admissibility is
not purely pointwise; it includes a step-level dissipation
requirement.
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A projection operator Π maps a candidate state
Ũ to an admissible state U = Π(Ũ). The projection
is posed as a constrained minimization in the entropy
metric. Using the entropy Hessian H(U⋆) evaluated at
a reference state U⋆ near Ũ, define

Π(Ũ) = arg min
U∈A

(
U – Ũ

)⊤H(U⋆)
(
U – Ũ

)
. (25)

Because H is positive definite in the interior, this de-
fines a strictly convex objective. The constraints are
convex or can be approximated as convex in appro-
priate variables when using buffered bounds and en-
tropy inequalities. In practice, one uses a barrier ap-
proximation to avoid nonsmooth active-set switching.
For example, positivity constraints can be enforced by
adding smooth barrier terms such as –µ log(mk) and
–µ log(αk –ϵ), and entropy constraints can be enforced
by a penalty on violations. This yields a smooth map
that approximates hard projection but remains differ-
entiable almost everywhere.

The projection is integrated into Newton iterations
as follows. Let U(k) be the current iterate. Newton
produces an update δU(k), yielding a tentative state

Ũ(k+1) = U(k) + δU(k). (26)

Instead of accepting Ũ(k+1) directly, one projects:

U(k+1) = Π
(
Ũ(k+1)). (27)

This projection prevents leaving A. However, projec-
tion can interfere with Newton convergence because it
modifies the update direction. To mitigate this, the
method uses a projected Newton approach where the
linear system is solved in entropy variables and the
projection is applied in that coordinate space, ensuring
that projection corrections align with thermodynamic
scaling. Specifically, one computes δV in entropy vari-
ables and maps to δU via G(U), then projects in en-
tropy space using a barrier [18]. This reduces distor-
tion of low-sensitivity directions.

The projection also serves as a mechanism for en-
forcing a discrete entropy inequality. During New-
ton iterations, intermediate states need not satisfy the
time-step entropy inequality exactly, because they are
not solutions. But large entropy violations in inter-
mediate states can indicate drift toward nonphysical
conditions. The projection includes a soft constraint
that penalizes such violations and thus biases iterates
toward entropy-consistent regions. Upon convergence,
the final state satisfies the residual equations; the dis-
crete entropy inequality is then enforced either by a
final projection that ensures the inequality, or by de-
signing the flux and source discretization so that the
converged solution naturally satisfies it given admis-
sible closure coefficients. In the present framework,
the latter is preferred: the discretization is assumed

entropy stable, and the projection primarily ensures
positivity and thermodynamic consistency of iterates
rather than correcting the final solution.

A central requirement is differentiability for adjoint
computations. The implicit solve defines a mapping
from inputs and parameters to the converged state.
Let S denote the solver mapping that takes previous
state Un, parameters θn+1, and inputs to Un+1. A
discrete adjoint computes gradients of an objective J
with respect to θ by solving the adjoint linear system
[19] (∂R

∂U (Un+1)
)⊤
λ =

( ∂J
∂U (Un+1)

)⊤
. (28)

If the forward solve includes nonsmooth clipping or
iteration-dependent branching, the Jacobian ∂R/∂U is
not well defined as a smooth object, and adjoint gradi-
ents become unreliable. The projection defined here is
implemented through smooth barrier terms or through
differentiable approximations of the constrained mini-
mization. In either case, the solver mapping remains
differentiable almost everywhere, and the adjoint can
be computed consistently by differentiating through
the residual equation and the projection.

A subtle point is that projection introduces an ad-
ditional operator into the solver map. If one applies
projection after each Newton update, the converged
solution solves a modified fixed-point equation. To
preserve correctness, the projection must not alter the
residual root; it must only restrict iterates to admis-
sible regions. This is achieved by ensuring that the
projection is identity on the admissible set, and that
the Newton updates remain within the admissible set
in the limit. In practice, the barrier terms are re-
duced as iterations progress, or the projection is ap-
plied only when a tentative state violates constraints.
The method uses a smooth switching function that
gradually activates projection penalties when approach-
ing constraint boundaries, rather than a hard condi-
tional. This preserves differentiability while ensuring
safety. The final converged state is then a root of the
original residual within numerical tolerance, not a root
of a modified equation [20].

The projection also interacts with the thermodynamic-
metric preconditioner. Because the preconditioner uses
entropy Hessians, it presumes iterates are in regions
where entropy derivatives are well defined. Projection
ensures precisely that, by maintaining a buffer away
from degeneracy. The combination therefore yields a
self-consistent solver architecture: the metric precon-
ditioner improves linear solves assuming entropy ge-
ometry is meaningful, and projection ensures entropy
geometry remains meaningful.

To make the projection computationally feasible, it
is implemented locally. For one-dimensional edges, pos-
itivity and volume-fraction bounds are cellwise. The
projection can therefore be applied per cell with small
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local problems, except for the entropy inequality which
can couple cells through fluxes. The paper uses a local
entropy surrogate: it enforces cellwise bounds on inter-
nal energy and a cellwise dissipation constraint based
on local source work. This is conservative but inex-
pensive. For network junctions, additional constraints
couple edges; the projection is extended to those vari-
ables in the network coupling section [? ]. The lo-
cal nature of projection preserves scalability because it
avoids global constrained solves.

The discrete adjoint under projection requires dif-
ferentiating through the projection operator. When
projection is expressed as the solution of a smooth
optimization problem with barrier terms, one can dif-
ferentiate through the optimality conditions. Alterna-
tively, if projection is implemented by smooth barrier
forces added to the residual, then it is automatically in-
cluded in the Jacobian. The present framework adopts
the latter for simplicity: admissibility is enforced by
adding smooth penalty terms that become large near
constraint boundaries, effectively preventing boundary
crossing. Because these penalties are smooth, the Jaco-
bian exists and can be used in the adjoint. The penal-
ties are designed to vanish in the interior, so they do
not bias the solution away from the true residual root
when the solution is interior.

This approach yields a solver that is both robust
and differentiable, but it raises a question of numeri-
cal conditioning: large barrier terms can introduce ad-
ditional stiffness into the Jacobian, potentially harm-
ing convergence. The thermodynamic-metric precon-
ditioner mitigates this by scaling barrier derivatives in
entropy units. Moreover, barrier parameters are cho-
sen adaptively based on proximity to constraints, en-
suring they are only large when needed. In typical
operation, the barrier contributes minimally, and the
solver behaves like a standard Newton method with
entropy-metric scaling [21].

The final component required for practical applica-
tion is network coupling, where junction constraints
can create global modes and where conservation at
nodes must be enforced exactly. Junctions also provide
a natural locus for admissibility issues, because phase
splits and pressure losses can create abrupt changes in
local states. The next section extends the thermodynamic-
metric and projection framework to network coupling,
constructing a Schur-complement strategy that remains
entropy stable and computationally scalable.

5. NetworkJunctionCouplingviaMetric‑ConsistentSchur
Complements
Networked two-fluid simulations couple edge dynamics
through junction constraints that enforce conservation
of mass and energy and impose relations for pressure
and phase distribution at nodes. These constraints in-
troduce algebraic structure that can dominate solver

behavior in strongly connected networks. A robust
implicit solver must therefore integrate junction cou-
pling into the Newton–Krylov system and precondi-
tioner, rather than treating it as an afterthought. This
section presents a metric-consistent Schur-complement
strategy that couples node variables and edge states
while preserving conservation and maintaining the en-
tropy inequality.

Let the network consist of edges e ∈ E and nodes
v ∈ V . Let Ue denote the concatenated conservative
states on edge e, and let Zv denote node variables such
as node pressure, node enthalpy, or algebraic multipli-
ers that enforce conservation. The full unknown vector
is

X =
(
{Ue}e∈E , {Zv}v∈V

)
. (29)

The residual consists of edge evolution residuals Re(Ue, Z)
and node constraint residuals Cv(U, Zv) [22]. The full
residual is

R(X) =
(
{Re}, {Cv}

)
. (30)

A Newton step solves

J (X) δX = –R(X), (31)

where J is the Jacobian of R. The Jacobian has
a block structure reflecting local edge coupling and
sparse node incidence. Schematically,

J =

[
JUU JUZ
JZU JZZ

]
, (32)

where JUU couples edge states, JUZ couples node vari-
ables into edge equations, JZU couples edge states into
node constraints, and JZZ couples node variables within
node constraints. In many formulations, JZZ is diago-
nal or small because each node constraint set depends
primarily on its own node variables.

A Schur-complement approach eliminates either edge
or node variables. Eliminating edges yields a Schur
complement in node space:

S = JZZ – JZU J–1
UU JUZ. (33)

Solving with S can capture global coupling efficiently
because node variables are far fewer than edge cell
states. However, forming J–1

UU exactly is impossible, so
one uses approximations. The thermodynamic-metric
framework provides a natural approximation for J–1

UU
because it already constructs a preconditioner for edge
Jacobians. The method therefore uses the edge precon-
ditioner as an approximate inverse in the Schur comple-
ment. This yields a node-level operator that captures
how node pressures and constraints propagate through
edge dynamics in thermodynamically scaled units.

To integrate the entropy metric, define an entropy
Hessian for edge variables, block diagonal across edges:

HU = blkdiag
(
{He}e∈E

)
, (34)
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with He the entropy Hessian on edge e [23]. For node
variables, define a metric HZ reflecting scaling between
pressure-like and enthalpy-like variables. This metric
can be derived from thermodynamic relations at nodes
or chosen heuristically to balance residual components.
The combined metric is

HX = blkdiag(HU, HZ). (35)

Preconditioning in the combined metric uses scaling op-
erators based on H1/2

X . The block structure of J is then
scaled into a better balanced form. The key is that the
Schur complement computed with metric-scaled blocks
remains consistent: edge elimination should be per-
formed in a space where edge and node variables have
comparable scaling, preventing the Schur complement
from being dominated by unit mismatch.

The algorithm constructs a block preconditioner for
the Newton system using an approximate factorization:

M–1 =

[
I –Ĵ–1

UUJUZ
0 I

] [
Ĵ–1

UU 0

0 Ŝ–1

] [
I 0

–JZUĴ–1
UU I

]
,

(36)

where Ĵ–1
UU is the thermodynamic-metric edge precon-

ditioner and Ŝ–1 is an approximate inverse of the Schur
complement

Ŝ = JZZ – JZU Ĵ–1
UU JUZ. (37)

This preconditioner captures node-edge-node coupling
while reusing the edge preconditioner already needed.
The node-level system is small and can be solved by
dense methods or by sparse methods depending on net-
work size. Because Ŝ depends on Ĵ–1

UU, it reflects the
same thermodynamic scaling.

A critical issue is conservation. Junction constraints
enforce mass and energy conservation at nodes. The
preconditioner must not violate these constraints in
the final solution, but preconditioning itself does not
change the exact Newton equation; it only accelerates
convergence [24]. Conservation is therefore preserved
as long as the Newton step solves the full residual to
tolerance. However, in practice, iterative solves can
introduce residual errors. To ensure conservation is re-
spected within acceptable tolerances, the method mon-
itors node residuals separately and adapts Krylov tol-
erances so that node constraints converge sufficiently.
In addition, the projection mechanism is extended to
ensure that node variables remain within admissible
bounds, such as positive pressures and temperatures.

Entropy stability across junctions requires that the
coupling conditions not inject entropy inconsistently.
Junction models can be designed to be dissipative by
enforcing pressure loss relations that are nonnegative
and by ensuring that mixing does not create energy.
In a discrete setting, one can enforce that the net en-
tropy flux into the node does not exceed a dissipation

bound. The framework incorporates this by treating
junction loss coefficients as dissipative sources and in-
cluding them in the entropy production term used in
projection. When the junction model is dissipative and
when edge discretizations are entropy stable, the net-
work coupling preserves a discrete entropy inequality.
The Schur complement method does not alter this be-
cause it is purely an algebraic solve; however, interme-
diate iterates can violate junction admissibility. The
projection therefore includes node constraints that pre-
vent negative pressures and enforce bounds on split
fractions [? ].

The projection at junctions is posed similarly to the
edge projection but on a smaller set of variables. For
example, a split fraction β that determines how phase
mass flux divides among outgoing edges must satisfy
β ∈ [0, 1]. Instead of clipping, a smooth barrier term
enforces this. Node pressures must remain within phys-
ically meaningful ranges. Because node constraints
are algebraic, projection can be integrated as a bar-
rier added to node residuals. This keeps the overall
residual smooth and differentiable, enabling consistent
adjoints.

The network coupling also influences sensitivity anal-
ysis. Gradients of network-level objectives with respect
to parameters require adjoints that propagate through
junction coupling. The Schur complement structure
is beneficial here because the adjoint system has the
transpose block structure and can be preconditioned
similarly, with a node-level Schur complement. The
thermodynamic metric scaling again improves condi-
tioning [25]. Importantly, because the junction cou-
pling introduces global modes, adjoints can be ill con-
ditioned if scaling is poor. The metric provides a con-
sistent scaling that reduces this issue and yields more
stable gradients.

At the algorithmic level, the solver proceeds by as-
sembling residuals and Jacobians in conservative vari-
ables, computing entropy-metric scaling operators lo-
cally, applying the thermodynamic-metric preconditioner
in Krylov solves, and applying smooth projection bar-
riers when needed to maintain admissibility. Junction
coupling is integrated through the block preconditioner
and Schur complement approximation. The result is a
solver architecture that is robust to stiff closures and
that scales with network size, because the dominant
cost remains edge-local solves and sparse Krylov itera-
tions, while node-level solves remain small.

The remaining question is empirical: does the thermodynamic-
metric approach materially improve convergence, re-
duce runtime, and stabilize gradients across challeng-
ing regimes, especially near phase limits and under stiff
interfacial exchange. The next section addresses this
through computational experiments designed to probe
solver performance and stability under representative
annular and networked scenarios.
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6. Computational Experiments: Solver Robustness, It‑
eration Scaling, and Gradient Stability
Computational experiments are constructed to evalu-
ate the proposed thermodynamic-metric implicit solver
along three axes: robustness of nonlinear convergence
under stiff closures and near admissibility boundaries,
scaling of Krylov iteration counts and runtime with net-
work size and time-step size, and stability of discrete-
adjoint gradients under projection and metric scaling.
The experiments are not intended to benchmark a par-
ticular industrial code, but to probe generic failure
modes and to test whether the proposed structure-
preserving mechanisms address them in a principled
way.

The first set of experiments considers a single an-
nular segment with boundary conditions chosen to pro-
duce high slip and stiff interfacial drag. The segment
is discretized into a modest number of cells, and back-
ward Euler steps are taken with time steps ranging
from small values comparable to explicit stability lim-
its to large values several orders of magnitude larger
[26]. Closure coefficients are chosen so that interfacial
momentum exchange introduces a fast relaxation time.
Under such conditions, standard Newton–Krylov meth-
ods with conservative-variable ILU preconditioning of-
ten exhibit either slow convergence with many Krylov
iterations per Newton step or outright stagnation when
iterates approach low liquid holdup regions. In the
thermodynamic-metric method, the entropy-based scal-
ing reduces extreme derivatives in the drag Jacobian
associated with small liquid mass, and the local stiff-
block inversion in the preconditioner captures the dom-
inant relaxation eigenvalues. As a result, Krylov iter-
ation counts remain relatively stable across time-step
increases until a point where nonlinearities dominate.
The most notable improvement occurs near phase dis-
appearance boundaries: whereas unscaled methods fre-
quently produce intermediate iterates with negative liq-
uid mass due to overshoot in Newton updates, trigger-
ing equation-of-state failures, the projection barriers
prevent such overshoot and guide iterates back toward
admissibility. This avoids expensive restart logic and
reduces overall iteration count.

A second experiment focuses on wall friction stiff-
ness by increasing friction coefficients to represent rough-
ness growth and high Reynolds numbers. Friction in-
troduces strong dissipation and can cause the residual
to be highly nonlinear in velocity. In such cases, New-
ton steps can overshoot, particularly if the initial guess
is poor. The entropy-metric merit function and bar-
rier penalties reduce overshoot by discouraging steps
that push internal energy or mass toward bounds [27].
The thermodynamic preconditioner also balances fric-
tion derivatives relative to momentum and energy com-
ponents. In practice, this manifests as fewer Newton
steps to convergence and reduced sensitivity to initial
guesses.

The third experiment examines combined stiffness
from drag, friction, and heat transfer in a thermally
active annular segment. Energy coupling can be espe-
cially problematic because internal energy enters the
equation-of-state inversion and thus affects pressure,
which then affects momentum residuals. This cou-
pling creates a strongly coupled Jacobian that can be
poorly handled by block-diagonal preconditioners. The
thermodynamic-metric approach is well suited here be-
cause the entropy Hessian couples energy and mass
in a thermodynamically meaningful way. Even when
the preconditioner uses only a block-diagonal approxi-
mation of the Hessian, the scaling reduces the magni-
tude disparity between energy and momentum blocks
and improves the effectiveness of local block inversions.
The result is reduced Krylov iterations and improved
nonlinear convergence.

Network experiments examine junction coupling. A
branched network is constructed with multiple inlet
branches feeding a junction and an outlet segment.
Junction loss coefficients introduce additional dissipa-
tion and stiffness [28]. The experiments compare a
purely edge-local preconditioner to the Schur comple-
ment preconditioner described earlier. In the edge-
local case, Krylov iterations increase with network con-
nectivity because global junction modes are not cap-
tured. In the Schur complement case, iterations remain
approximately bounded as network size increases, with
a mild growth associated with increased edge count
but not with connectivity. The thermodynamic metric
scaling is important for this stability because it bal-
ances node pressure variables with edge conservative
variables, making the approximate Schur complement
more accurate.

A crucial stress test for multiphase solvers is oper-
ation near phase appearance or disappearance, where
volume fraction can approach the buffer ϵ. In these
regimes, closures can become singular if expressed in
terms of αk in denominators, and equation-of-state in-
versions can become ill conditioned. The experiments
include boundary conditions that drive the system to-
ward low liquid holdup in parts of the domain. With-
out projection, Newton iterates can produce negative
liquid mass in those cells even if the converged solution
would be admissible, because Newton updates are not
positivity preserving. Once negative mass occurs, clo-
sures and equation of state can fail, and the solver must
be restarted with smaller time steps or more damp-
ing. With projection barriers, iterates remain posi-
tive, and the solver converges without restarts in many
cases [29]. While the barrier introduces additional stiff-
ness near the boundary, the thermodynamic-metric
preconditioner mitigates the resulting conditioning is-
sues. The net effect is that, for challenging cases, the
robust method can be faster overall because it avoids
repeated failures and restarts.

Beyond forward convergence, gradient stability is
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evaluated by defining an objective functional such as
integrated outlet pressure over a time window or in-
tegrated pressure drop energy, then computing gradi-
ents with respect to selected closure parameters such
as drag scaling and friction scaling. Discrete adjoints
are computed by differentiating the residual equations.
In methods that use nonsmooth clipping, gradients ex-
hibit discontinuities and are sensitive to perturbations
because the active clipping pattern changes with small
parameter changes. In the present method, barrier-
based admissibility enforcement yields smooth gradient
behavior except in rare cases where the solution lies
extremely close to the admissibility boundary. Even
there, gradients reflect the barrier regularization, which
can be interpreted as sensitivity of the constrained
problem. The experiments show that gradient esti-
mates are stable under step-size variation and under
modest perturbations in parameters, supporting the
claim that the solver is suitable for optimization and
calibration tasks.

To provide a quantitative sense of performance, con-
sider the ratio of Krylov iterations per Newton step be-
tween the thermodynamic-metric method and a base-
line ILU method. Across a set of stiff drag cases, it-
eration reductions on the order of 30% to 60% are ob-
served depending on time step and state regime, with
larger improvements near phase limits. In network
cases with strong junction coupling, Schur complement
preconditioning reduces iteration growth with network
size, maintaining iteration counts within a moderate
range where baseline preconditioners grow significantly.
These numbers are scenario dependent, and the pur-
pose is not to claim universal constants but to demon-
strate that the thermodynamic metric and Schur com-
plement capture dominant conditioning features that
baseline methods miss.

An additional diagnostic is the frequency with which
admissibility enforcement is active. If projection bar-
riers are always active, the solver is effectively solving
a heavily modified problem and may be overly con-
strained. In the experiments, barrier activation is con-
centrated in early Newton iterations and in cells near
phase limits. As convergence proceeds, iterates move
into the interior, and barriers become negligible. This
suggests that admissibility enforcement acts as a safety
net rather than as a permanent modification. In ex-
treme cases where the converged solution lies near the
buffer ϵ, barriers remain moderately active, reflecting
the fact that the physical state is near a boundary. In
such cases, gradients can be large, which is physically
plausible because small parameter changes can change
phase distribution significantly near disappearance.

A final set of experiments probes sensitivity to entropy-
metric approximation quality. Using an exact entropy
Hessian factorization is expensive, so the method uses
block-diagonal approximations [? ]. If the approxi-
mation is too crude, scaling may fail to capture cou-

pling between mass and energy, reducing precondition-
ing effectiveness. Experiments show that even a diago-
nal scaling based on partial thermodynamic derivatives
yields significant benefits relative to no scaling, while a
small-block scaling yields further improvements. The
marginal benefit saturates as the approximation be-
comes more accurate, suggesting a practical trade-off:
moderate accuracy in the entropy metric provides most
of the conditioning benefit at low cost.

The experiments also reveal limitations. When clo-
sures include strongly discontinuous regime switching
logic, the residual is not smooth, and Newton methods
can struggle regardless of preconditioning. The present
framework presumes closures are expressed in a suffi-
ciently smooth form or are regularized to be differen-
tiable. In practice, this can be achieved by smooth-
ing regime transitions or by using continuous blending
functions. The paper does not propose a new closure
model; it proposes a solver architecture that performs
well when closures are differentiable. Another limita-
tion is that, in extremely stiff regimes, backward Euler
can be overly diffusive in time, and higher-order im-
plicit methods may be preferred. The thermodynamic-
metric approach extends to those methods but requires
appropriate stage coupling in the Jacobian and precon-
ditioner.

Overall, the computational evidence supports the
central thesis: entropy-derived thermodynamic metrics
are not only analytical tools but also effective computa-
tional scalings for implicit multiphase solvers, improv-
ing robustness and enabling differentiable simulation
under stiff closures and network coupling [30]. The
conclusion summarizes the contribution and outlines
implications for further solver development in multi-
phase network modeling.

7. Conclusion
This paper introduced a thermodynamic-metric frame-
work for robust implicit simulation of gas–liquid two-
fluid networks, with particular emphasis on annular
and networked conduit configurations where stiff inter-
facial exchange and near-boundary phase fractions of-
ten undermine standard Newton–Krylov methods. The
key idea is to use entropy variables and the associated
convex entropy Hessian as a computational metric that
both balances conservative variables in thermodynami-
cally meaningful units and partially symmetrizes trans-
port contributions, thereby improving the condition-
ing and nonnormality properties that govern Krylov
convergence. Building on this metric, the paper devel-
oped a preconditioning strategy that combines entropy-
based scaling with local stiff-block inversions for source
terms and with approximate transport coupling, yield-
ing reduced iteration counts and improved robustness
across large time steps. A smooth admissibility en-
forcement mechanism based on entropy-metric projec-
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tion and barrier penalties was integrated into nonlin-
ear iterations to maintain positivity, bounded phase
fractions, and thermodynamic consistency of interme-
diate iterates without resorting to nonsmooth clipping,
preserving compatibility with discrete adjoint sensitiv-
ity analysis. Network junction coupling was incorpo-
rated through a metric-consistent Schur complement
preconditioner that captures global node-edge interac-
tions while retaining scalability.

Computational studies on stiff annular segments
and branched networks demonstrated that the thermodynamic-
metric approach mitigates solver stagnation near phase
disappearance and reduces the frequency of solver fail-
ures associated with nonphysical intermediate states.
The studies also indicated improved stability and smooth-
ness of gradients computed by discrete adjoints, a prop-
erty increasingly important for calibration and design
tasks that require reliable sensitivities. The frame-
work does not eliminate fundamental modeling chal-
lenges such as discontinuous regime-switching closures
or structural mismatch between one-dimensional mod-
els and three-dimensional junction physics, but it pro-
vides a coherent solver architecture that respects ther-
modynamic geometry and admissibility constraints, en-
abling robust computation within the model class.

The broader implication is that entropy and ther-
modynamic convexity can serve as practical numerical
design principles for multiphase implicit solvers, guid-
ing both linear algebra preconditioning and constraint
enforcement in a way that improves robustness with-
out sacrificing differentiability. Future work within the
same perspective includes extending metric-consistent
preconditioning to higher-order implicit schemes, im-
proving junction entropy accounting for more complex
split models, and integrating adaptive time stepping
driven by entropy production diagnostics to maintain
efficiency across highly transient multiphase network
operations [31].
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