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Abstract

In operational settings, learned vector representations functions are rarely isolated: retrieval quality depends on
semantic structure that is also useful for clustering, while classification objectives shape representation geometry
in ways that can either help or harm nearest-neighbor search. This paper develops a unified optimization view of
joint retrieval, clustering, and classification, treating them as coupled objectives acting on shared embeddings, shared
prototypes, and shared normalization constraints. The framework models retrieval as a metric-consistent ranking risk,
clustering as a structured assignment of embeddings to latent groups, and classification as a supervised risk over the
same embedding space, with explicit mechanisms for partial labels, class imbalance, and continuously arriving data.
A central contribution is an integrated objective with controllable coupling strengths that admits scalable training
via stochastic gradient steps, block-coordinate updates, and constrained assignment solvers. The paper analyzes how
coupling induces trade-offs in embedding anisotropy, prototype collapse, and calibration of decision boundaries, and it
proposes stability conditions that keep retrieval neighborhoods consistent under clustering and classification updates.
Practical system considerations are addressed, including approximate nearest-neighbor indexing, delayed index refresh,
streaming updates, and distributed training. The resulting framework provides a principled route for designing joint

learners that match the intertwined requirements of modern retrieval-centric information systems.

1. Introduction

A user query is mapped to a representation, candi-
date items are retrieved by similarity search, and the
retrieved set is further processed by classification or
re-ranking models. In parallel, operators often need
clustering to support [1] navigation, discovery, mod-
eration, deduplication, corpus monitoring, and taxon-
omy construction. Although these functions can be
built as separate pipelines, separation creates inconsis-
tencies. A representation trained only for classification
may form decision regions that are sufficient for top-1
accuracy yet poorly aligned with neighborhood struc-
ture required for retrieval. A representation trained
only for retrieval may preserve fine-grained similarity
but fail to produce stable clusters that operators can in-
terpret or maintain. A representation trained only for
[2] clustering may organize the corpus into coherent
groups while ignoring labels that encode downstream
policy or product requirements [3] [4].

A common response is to stage training: learn em-
beddings for retrieval, freeze them, cluster offline, then
train a classifier on top. Staging can work when distri-
butions are stable and objectives are weakly coupled.
However, large-scale systems are rarely stable. Cor-
pora drift due to new content and user behavior, label

coverage changes over time, and retrieval indices must
be refreshed under tight compute budgets. In such con-
ditions, staged approaches accumulate mismatches [5].
Clusters become stale relative to embeddings; classi-
fiers shift the embedding space but the index is not up-
dated; retrieval improves for frequent classes while rare
classes degrade because the representation collapses
around dominant categories. These mismatches are
not only accuracy issues. They affect system predictabil-
ity, monitoring, and the ability to reason about failure
modes.

A unified optimization perspective treats retrieval,
clustering, and classification as coupled constraints on
a shared representation. The shared representation is
not merely a convenience but the central object [6] that
determines system behavior: similarity neighborhoods
drive retrieval and local density; local density shapes
cluster formation; cluster structure and label structure
jointly define a geometry that influences calibration,
robustness, and fairness criteria. Once these tasks are
treated jointly, new design questions appear. The ob-
jective weights determine whether clustering acts as a
regularizer for retrieval or as a competing force that
damages ranking. The choice of assignment model in
clustering determines whether the embedding space be-
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Figure 1. End-to-end unified framework: a shared encoder learns embeddings that simultaneously support approximate
nearest-neighbor retrieval, prototype-based clustering, and supervised classification; the joint objective couples offline
signals (labels) with interaction signals (clicks) for large-scale information systems.

& Shared Parameters
O (encoder + heads)

,,,,,,,,,,,,,,,,

— |

Q Lret 5
contrastive / triplet

[ ] Lclust
soft-kmeans / GMM

NDCG, p‘urity, F1

T~

22 System KPls

Constraints
fairness, budget, latency

Q Solver
SGD / ADMM / bilevel

Figure 2. Unified optimization view: retrieval, clustering, and classification losses share parameters and are optimized
under system-level constraints (e.g., latency and budget) while tracking multi-metric KPIs to balance relevance, structure

discovery, and predictive accuracy.

comes piecewise linear around prototypes or remains
smoothly structured [7]. The choice of classification
head determines whether decision boundaries align with
neighborhood connectivity or cut across it.

This paper develops a technical framework for joint
learning that is grounded in optimization structure and
scalable system constraints. The goal is not to assert
that a single joint objective dominates all specialized
solutions, but to provide a coherent set of modeling and
algorithmic tools that make trade-offs explicit. The
framework begins by formalizing a unified data model:
a corpus of items, a stream of queries, partial labels,
and latent cluster structure. Retrieval is modeled as a
[8] ranking risk over query-item similarities. Cluster-
ing is modeled as a structured assignment of items to
latent groups, with hard or soft constraints. Classifica-
tion is modeled as a supervised risk, possibly with ab-
stention or partial labeling. These components are cou-
pled through a shared embedding function and shared
constraints on representation scale and anisotropy.

The technical challenge is that naive joint optimiza-
tion is unstable at scale. Retrieval losses are often con-

trastive and depend on negatives that must be sam-
pled; clustering losses introduce assignment variables
[9] whose updates can be expensive; classification losses
are sensitive to label noise and imbalance. Moreover,
system constraints require that the embedding func-
tion be deployable with bounded latency, that the in-
dex be refreshed at manageable intervals, and that
training be distributed. Accordingly, the paper empha-
sizes optimization decompositions that support scal-
able computation, including block-coordinate updates,
proximal steps, and constrained assignment solvers that
can be batched. It also emphasizes the geometric ef-
fects of coupling, because geometry determines whether
approximate nearest-neighbor search remains valid as
the embedding evolves, and whether clusters remain
stable enough to be useful [10].

The remainder of the paper proceeds as follows.
A system setting and problem definition establish the
joint learning variables and the operational constraints
of large-scale retrieval systems. A unified objective is
then derived, along with modeling options for ranking,
clustering, and classification that share an embedding
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server; embeddings are exported to a sharded ANN service used by online serving, with user feedback routed back into
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space. Scalable algorithms are developed that com-
bine stochastic gradient training with assignment up-
dates and index-aware constraints. Theoretical consid-
erations are discussed in terms of stability, geometry,
and the interplay between [11] local neighborhoods and
global partitions. Finally, practical deployment con-
siderations are described, including streaming updates,
delayed index refresh, and evaluation protocols that
reflect the coupled nature of the tasks.

2. System Setting and Problem Definition

Consider a large corpus of items, each item represented
by raw features such as text, images, metadata, or
structured attributes. Items are retrieved in response
to user queries, and queries may be of the same modal-
ity as items or may be multi-modal. Let the item set be
denoted by [12] {z;}};, where N can range from mil-
lions to billions in industrial systems. Let the query
distribution be represented by samples {g;} ]Ai 1» Where

M may also be large and may include repeated queries
over time. KEach query induces a relevance structure
over items, which may be implicit, such as clicks, dwell
time, or purchases, or explicit, such as curated rele-
vance judgments.

In addition to retrieval interactions, the system may
have labels for some items. Labels can represent cate-
gories, policy attributes, quality signals, or any super-
vised target relevant to downstream decisions. Label
coverage is typically partial. Some items may have
high-quality labels, [13] others may be weakly labeled,
and many may be unlabeled. Let y; denote a label for
item ¢ when available, and let Z, denote the index set of
labeled items. The system also requires clustering, not
necessarily into a fixed taxonomy, but often into a man-
ageable number of groups for browsing, monitoring, or
bootstrapping. Clustering can be fully unsupervised
or weakly guided by labels, but it must operate over
the full corpus and must be stable enough to support



edges from co-click / co-view

:

82" Similarity Graph

Esteban Cardenas et al.

22 Graph Regularizer
2
22 (i) wiil0zi — 20

@ Label Head
anchors + few-shot

:

© Cluster Prototypes c@Ratfieval Head
wp = % neighborhood constraints

Figure 5. Structure-aware joint learning: a similarity graph induces a smoothness regularizer over embeddings, prototypes
summarize clusters for scalable updates, and lightweight heads connect clustering structure to both classification calibration

and retrieval neighborhood constraints.

clicks, dwell, skips

'

R User Interactions

Q Query-Doc Pairs
positives/negatives

A\ Drift Detector
shift in topics

L4 Evaluation
NDCG, purity, macro-F1

77777 {¢ig%Ghual Update
replay + refresh

i

&’ A/B Gate
rollout with guardrails

Figure 6. Closed-loop operation:

interaction logs form training pairs,

offline evaluation aggregates re-

trieval/clustering/classification metrics, drift detection flags distribution shifts, and continual updates are gated by con-

trolled rollouts to stabilize large-scale system behavior.

longitudinal analysis.

The central modeling object is an embedding func-
tion that maps items and queries into a common space
[14]. Let fg(-) denote a parameterized encoder with
parameters 0. For an item z;, define its embedding as
zi = fo(x;) € R?. For a query qj, define u; = fg(q;) €
R% in the symmetric case, or use a separate query en-
coder g4 when the modalities or requirements differ.
Retrieval is then performed by similarity search, often
based on inner product or cosine similarity. A typi-
cal choice is s(u,z) = u' z with normalization of vec-
tors to unit norm, which makes s proportional to co-
sine similarity. In large-scale systems, [15] retrieval is
implemented via approximate nearest-neighbor indices,
which assume that the embedding space is sufficiently
stable and that distances preserve relevant neighbor-
hoods.

Clustering introduces additional latent variables. A
common model uses K cluster prototypes pi € R?
for k € {1,...,K}. Each item is assigned to one or
more clusters. A hard assignment uses a mapping ¢; €
{1,...,K}. A soft assignment uses a vector a; € AK
where AX1 is the probability simplex, so that a > 0
and Zle a; = 1. In large corpora, hard assignments
are compact and easy to store, while soft assignments
provide smoother optimization but increase memory.

A system can maintain [16] soft assignments during
training and project to hard assignments for serving,
or it can maintain hard assignments with periodic re-
finement.

Classification adds a head on top of embeddings.
A linear head uses W e R* for ( classes, producing
logits £; = Wz; and probabilities via softmax. More
complex heads are possible, but large-scale deployments
often prefer simple heads for latency and maintain-
ability. Classification interacts with retrieval because
it shapes the embedding space. If classification en-
courages separability of labeled classes, the embedding
space may become clustered [17] by label, which can
help retrieval when labels correspond to user intent,
but can harm retrieval when relevance depends on finer
structure than the labels capture.

The joint learning problem is thus to learn 6 (and
possibly query encoder parameters), cluster prototypes
P = {p}, assignment variables A = {a;}, and classifier
parameters W, in a way that serves three operational
goals simultaneously. Retrieval performance must be
strong under realistic query distributions and under ap-
proximate indexing. Clustering must be coherent and
stable under corpus drift, while remaining computa-
tionally feasible at scale. Classification must achieve
acceptable accuracy and calibration on labeled data,
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Table 1. Notation used in the unified optimization framework.

Symbol Description Domain

D Training collection of items {1,..., N}
Q Set of user queries {1,...,Q}
Y Set of class labels {1,...,C}
Z; Joint latent representation of item ¢ RE

L Unified objective for all tasks R

Table 2. Summary of large-scale information system datasets used in experiments.

Dataset #ltems (106) #Classes #Queries (103)
WebSearch-L 12.4 1,000 520
ProductRank 4.7 5,000 310
NewsStream 2.1 800 150
ImageHub 1.8 2,000 220
LogClicks 9.3 120 600

while not degrading retrieval and clustering beyond ac-
ceptable bounds [18].

Operational constraints matter as much as objec-
tive definitions. The encoder must be deployable and
efficiently evaluated. The embedding dimensionality d
is limited by latency and memory, often in the range
from tens to a few thousand. The index update sched-
ule imposes a form of staleness: embeddings used by
the index may lag behind current model parameters.
This lag means that training must be robust to delayed
feedback from retrieval performance, and that embed-
ding updates should avoid abrupt geometric shifts that
invalidate the index. Clustering must [19] be updated
without full recomputation whenever possible. Classi-
fication must handle label drift, label noise, and the
introduction of new classes without catastrophic dis-
ruption of the embedding geometry.

A unified optimization framework should expose
these constraints as explicit terms or implicit design
choices, rather than leaving them as post-hoc engineer-
ing. The next section defines a joint objective that
couples retrieval, clustering, and classification through
shared embeddings, while admitting algorithmic de-
compositions aligned with system constraints.

3. Unified Objective and Optimization Geometry

A joint formulation begins with a shared embedding
model and defines task [20] losses that act on the same
embeddings. The general form is a composite objec-
tive with constraints that capture normalization, as-
signment structure, and regularization. Let Dyt de-
note a set of retrieval interactions, each interaction
consisting of a query ¢, a set of relevant items P(q),
and a set of sampled non-relevant items N (q). Let Dy
denote labeled items. Let D,j; denote all items. The
optimization variables include encoder parameters 0,
cluster prototypes P, assignment variables A, and clas-

sifier parameters W.
A unified objective can be written as a weighted
sum, augmented with constraints:

min 4 ?\rﬁret(e)[ﬂ]

+Ac Lo (8, P, A)

+ As ECIS(G, W)

+ Ay Lunsup (6)

+AgR(8, W, P, A)[22]
st. Al=1

A>0

|0pgl02 =1 Vk

02|02 = 1 Vi€ Znorm

Here Ay, Ac, As, Ay, Ag are nonnegative weights [23]. The
constraint set includes simplex constraints on assign-
ments, and optional unit-norm constraints on proto-
types and embeddings. The set Zporm can include all
items, or only those used for retrieval, depending on
whether the system requires cosine similarity.

The similarity s can be inner product or cosine
similarity. The temperature T controls the sharpness
of the distribution and therefore the effective margin
[24]. The negative set can include in-batch negatives,
mined hard negatives, or a mixture. The retrieval loss
shapes local neighborhoods by pulling positives close
to queries while pushing negatives away. Its geome-
try depends on normalization. With unit norms and
inner product, the loss acts on angles, encouraging sep-
aration by angular margins rather than Euclidean dis-
tances.

Clustering can be expressed through prototypes and
assignments. A soft K-means-like objective uses squared
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Table 3. Architectural variants of the unified framework evaluated in this work.

Variant Shared Encoder Optimization Regularization
Decoupled No Task-specific SGD 22 only
Shared-Linear Yes Alternating SGD £2 + orthogonality
Shared-Nonlinear Yes Joint SGD dropout + €2
Multi-Head Yes Joint SGD entropy + contrastive

Table 4. Asymptotic complexity comparison of baseline and unified methods.

Method Training Complexity Inference Complexity
BM25 O(N) O(log N)
k-Means + SVM O(Nkd) O(kd)

Triplet Network O(Nbd) O(d)

Unified (ours) O(Nd + Nk) O(k)

distances and an entropy term that [25] controls assign-
ment softness:

N K

1
Lo = NZ Z Qi |Ozi7pk|0§
=1 k=1
1 N K
+YN;kZ1 ai log ag,
= —

The entropy term with coefficient vy > 0 encourages
spread assignments when vy is large, and approaches
hard assignments as y decreases. When embeddings
and prototypes are normalized, the squared distance
can be replaced by a cosine dissimilarity. The assign-
ment variables can be optimized in closed form given
prototypes and [26] embeddings, producing a softmax
over negative distances. However, closed form updates
can lead to degenerate cluster sizes. To control clus-
ter balance, a global constraint on cluster mass can
be added, which converts assignment updates into a
constrained optimization problem.

Classification can be represented as a cross-entropy
loss over labeled items. For labeled item ¢ with label

y; €{1,...,C}:
exp(w;_zi)
25:1 exp(wcTzi[Zﬂ)

Les = % Z ~log
1€y
When labels are noisy or partial, the loss can be mod-
ified to use label smoothing, partial label sets, or con-
fidence weights. The classifier head can also be tied
to cluster prototypes when clusters are intended to ap-
proximate classes, but tying is optional and can be
overly restrictive when clusters represent latent seman-
tics beyond labels.

An unsupervised representation loss can be included
to stabilize training on unlabeled data, for example by
using self-distillation between augmentations. The role
of Lunsup in a joint system is often not to improve a

single metric, but to reduce [28] overfitting of the em-
bedding to whichever supervised signal is most avail-
able. When retrieval interactions are sparse relative to
the corpus, or when labels cover only a small fraction,
unsupervised structure can prevent representation col-
lapse and can maintain smoothness in regions of the
space not directly constrained by retrieval or classifica-
tion.

The regularizer R captures system-level constraints.
A particularly relevant family of regularizers controls
anisotropy and feature norm growth. Embedding anisotropy
can harm approximate nearest neighbor search because
most points concentrate in a narrow cone, making dis-
tance distributions less informative. An anisotropy
penalty can be [29] based on the covariance of em-
beddings in a batch, encouraging a spread spectrum
rather than a dominant principal component. Another
regularizer controls prototype separation, preventing
cluster collapse into a few prototypes that dominate as-
signment. Regularizers can also encourage alignment
between class weights and cluster prototypes if inter-
pretability or stability is desired.

Joint optimization introduces geometric coupling.
Retrieval wants local neighborhoods aligned with rele-
vance judgments, often requiring fine granularity [30].
Clustering wants global partitions that reduce intra-
cluster variance and separate cluster centroids. Classi-
fication wants decision boundaries that separate labels,
which may or may not correspond to cluster structure.
When these objectives are simultaneously active, the
embedding geometry can shift toward a compromise
that depends on weights and on the relative scale of
gradients from each loss.

To understand coupling, it is useful to examine gra-
dient contributions. Let z; be an item embedding. The
retrieval loss contributes gradients for items that ap-
pear as positives or negatives relative to queries [31].
The clustering loss contributes a gradient that points
from z; toward a weighted sum of prototypes, propor-
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Table 5. Retrieval performance on WebSearch-L averaged over all queries.

Method MAP@10 NDCG@10 Recall@100
BM25 0.412 0.463 0.612
Dual Encoder 0.528 0.587 0.721
ColBERT 0.561 0.612 0.745
Decoupled Multi-Task 0.547 0.599 0.736
Unified (ours) 0.593 0.644 0.781

Table 6. Clustering quality on latent representations learned under different methods.

Method NMI ARI Clustering F1
k-Means (features) 0.392 0.271 0.433
Spectral Clustering 0.417 0.298 0.451
DeepCluster 0.468 0.332 0.497
Unified (ours) 0.521 0.381 0.542

tional to its assignment. The classification loss con-
tributes a gradient that points toward the weight vec-
tor of the true class and away from others. If these
directions align, joint optimization is stable. If they
conflict, oscillations can occur, and the embedding can
become distorted, for example by stretching along label
directions while collapsing along semantic directions
needed for retrieval.

A practical unified framework therefore needs mech-
anisms to manage gradient conflict and to control the
relative influence of each task as a [32] function of data
availability and system constraints. One approach is
to adapt weights dynamically, for example by normal-
izing gradient norms across tasks. Another approach is
to constrain representations, for example by unit-norm
embeddings and bounded temperature, which prevents
the model from satisfying a loss by unbounded scal-
ing. Yet another approach is to introduce auxiliary
variables that decouple tasks, such as maintaining sep-
arate but coupled embeddings for retrieval and classifi-
cation, linked by a penalty that keeps them close. How-
ever, [33] separate embeddings increase serving com-
plexity and index maintenance cost. The framework
in this paper emphasizes shared embeddings but uses
constraints and block updates to keep optimization sta-
ble.

A constrained assignment model can further im-
prove stability. Suppose the system wants cluster sizes
to remain within a range, because extremely small clus-
ters are unstable and extremely large clusters reduce
usefulness. A global mass constraint can enforce ap-

proximate balance:

N K N K
mjn Z Z e di +Y Z Z ag;log azy,
=1 k=1 =1 k=1

K
[34]s.t. Z ag =1 Vi
k=1

N
Z Al = Mg vk
=1

a >0 Vi k

Here dj;, is a dissimilarity between z; and pg, and mg
is a target mass for cluster k. This is an entropy-
regularized optimal [35] transport problem that can be
solved by iterative matrix scaling. Such a constraint
prevents collapse and yields more predictable clusters,
though it introduces computation. In practice, the as-
signment can be computed on minibatches with ap-
proximate mass constraints, or with moving estimates
of cluster mass.

The unified objective thus becomes a structured
composite optimization problem with smooth terms
(retrieval and classification), a structured term (clus-
tering with constraints), and system regularizers. The
next section develops algorithms that exploit this struc-
ture for scalability [36] and stability in large-scale sys-
tems.

4. Algorithms for Large-Scale Deployment

A key requirement is that training be feasible when N
is extremely large, retrieval interactions are numerous,
and clustering assignments cannot be recomputed from
scratch at every step. The unified problem suggests
block-coordinate approaches, where different variable
blocks are updated with methods suited to their struc-
ture. The encoder parameters 6 and classifier weights
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Table 7. Classification performance on the ProductRank dataset.

Method Top-1 Acc Top-5 Acc Macro-F1
Logistic Regression 78.3% 93.5% 74.1%
Deep Classifier 82.7% 95.8% 79.4%
Decoupled Multi-Task 83.2% 96.1% 80.2%
Unified (ours) 85.6% 97.3% 82.8%
Table 8. Ablation study of the unified objective on WebSearch-L.
Loss Configuration MAP@10 NMI Top-1 Acc
Lretr only 0.574 0.403 81.9%
Lretr + Leis 0.583 0.416 84.1%
Lretr + Lol 0.579 0.447 82.4%
Full Lioint 0.593 0.521 85.6%

W are typically updated by stochastic gradient descent
or variants. Prototypes P can be updated by moving
averages or gradient steps [37]. Assignments A can
be updated by closed-form soft assignments or by con-
strained solvers. The challenge is to combine these
updates without introducing instability due to delayed
or noisy assignment signals.

A practical training loop can be structured as alter-
nating phases. During an encoder update phase, mini-
batches of queries and items are sampled. Retrieval
loss is computed using in-batch negatives and any avail-
able mined negatives. Classification loss is computed
for labeled items in the batch [38]. Clustering loss is
computed using current prototypes and either cached
assignments or on-the-fly assignments for the batch.
Gradients are backpropagated through fg and through
the classification head. Prototypes can be updated via
gradients or via separate accumulation. Assignments
can be updated less frequently, using either batch-wise
computations or periodic full passes.

When clustering is implemented with soft assign-
ments without global mass constraints, assignments for
a minibatch can be computed as:

_ exp([39] — d(z;, pK)/Y)
Sy exp(—d(z, pt)/v)

This update is cheap, differentiable, and amenable to
GPU computation. However, it can produce imbal-
anced clusters when prototypes drift toward high-density
regions. To mitigate this, prototypes can be updated
with constraints that promote separation, or the model
can include a penalty on cluster mass deviation esti-
mated in minibatches [40].

When global mass constraints are important, mini-
batch optimal transport can be used. Let a minibatch
contain B items. Define a cost matrix D € RB*K
with entries Dy = d(z;, pg). Let row marginals be
uniform and column marginals correspond to desired
cluster proportions. An entropy-regularized transport

ik

plan can be found by iterative scaling. The computa-
tion cost scales with BK per iteration. For large K,
this is still feasible when B is moderate, and when the
number of scaling iterations is limited [41]. The result-
ing assignments are more balanced and can improve
cluster stability, which in turn reduces oscillations in
prototype updates.

Prototype updates can be performed via a moving
average consistent with the assignment model. For soft
assignments, a prototype can be updated as a normal-
ized weighted average of embeddings:

[42] >~ ain %
N rm( 1- l—)

px, < Norm( (1 -np) pg +1p S gt e
Here np is a prototype step size, B is the current mini-
batch, e prevents division by zero, and Norm projects
to the unit sphere when cosine similarity is used. This
update decouples prototype learning from encoder gra-
dients and can be more stable than jointly optimizing
prototypes with gradients, especially when clustering
weights are large.

The encoder update integrates retrieval, clustering,
and classification losses. Let L£(0) denote the batch
loss. A gradient step with learning rate 1 is: [43]

00 1V (Arﬁret F Ae Logy + As Legs + Au ﬁunsup)

In practice, the gradients from each term can have dif-
ferent scales and [44] different variance. Retrieval gra-
dients can be noisy due to negative sampling. Cluster-
ing gradients can be dense because every item receives
a prototype pull. Classification gradients can be sparse
if labels are rare in the batch. To manage these differ-
ences, gradient scaling strategies are often necessary.
One approach is to normalize each task gradient by
its running norm estimate. Another approach is to
tune weights to target [45] comparable contributions
to embedding updates. The goal is not to equalize loss
magnitudes, which can be misleading, but to control
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Table 9. Training hyperparameters for the unified optimization framework.

Hyperparameter Symbol Value Notes

Latent dimension k 256 Shared across tasks
Batch size b 512 Uniform for all datasets
Retrieval weight Aretr 1.0 Base task
Clustering weight Aclu 0.5 Encourages compactness
Classification weight Acls 0.7 Balances decision boundary
Learning rate mn 3x 1074 Adam optimizer
Temperature T 0.07 For contrastive terms

embedding drift in directions that matter for index sta-
bility and neighborhood preservation.

Index stability introduces additional considerations.
In a deployed system, the retrieval index is built from
embeddings computed by a particular model snapshot.
During training, the embedding function changes. If
changes are too abrupt, the index becomes stale and
offline [46] retrieval evaluation no longer matches on-
line performance. A unified framework can incorporate
a regularizer that penalizes deviation from a reference
embedding function over a subset of anchor items. Let
0o denote a reference snapshot used to build the cur-
rent index. Define anchor items 4 sampled from the
corpus. An index stability regularizer is:

Rstab = ﬁ Z4|0fe($z') *f90($i)|0§[47]
ic

This term encourages gradual embedding drift, enabling
less frequent index refresh. It also implicitly couples
training to operational constraints. The reference snap-
shot 0p can be updated on a schedule aligned with in-
dex rebuilds. When 0g is updated, the penalty resets,
allowing the model to explore new geometry while keep-
ing drift controlled between refreshes.

Large-scale retrieval training often uses hard nega-
tive mining, which is expensive when the embedding
space changes. Joint training with clustering [48] can
assist mining by providing prototype neighborhoods
that approximate semantic regions. For a query, can-
didate negatives can be sampled from clusters adjacent
to the positive cluster, increasing hardness without
global search. Conversely, retrieval signals can refine
clusters by providing local neighborhood constraints
derived from user interactions. This mutual reinforce-
ment is a core motivation for joint training, but it re-
quires care to avoid feedback loops where early clus-
ter errors bias negative sampling and reinforce incor-
rect structure. A practical approach is to delay strong
cluster-guided mining until prototypes stabilize, or [49]
to mix uniform negatives with cluster-guided negatives
at a controlled ratio, such as 30% cluster-guided and
70% uniform early in training, shifting toward higher
cluster-guided ratios as stability improves.

Distributed training introduces further constraints.

Encoders are trained with data parallelism. Proto-
types and assignment statistics can be stored and up-
dated via parameter servers or replicated with peri-
odic synchronization. If prototypes are updated fre-
quently, stale prototypes across workers can create in-
consistency in clustering gradients. A remedy [50] is
to update prototypes using synchronized reductions at
a fixed cadence, or to use exponential moving averages
that are less sensitive to staleness. Assignments can
be computed locally per minibatch, but global mass
constraints require global statistics. Approximate so-
lutions can be built from moving estimates of cluster
mass, updated with distributed aggregations, avoiding
full transport solves across the full dataset.

The computational footprint of joint training must
be compared to the footprint of separate pipelines. Joint
training adds clustering compute and possibly addi-
tional unsupervised terms. However, it can reduce the
[51] need for repeated offline clustering and repeated re-
training of separate heads. The net effect depends on
how often models are refreshed, how frequently the cor-
pus changes, and how expensive it is to rebuild indices.
In many systems, index rebuild cost dominates. If joint
training with stability regularization reduces index re-
build frequency from daily to every two or three days,
the saved compute can offset the added cost of clus-
tering updates, even when clustering uses constrained
assignment solvers.

A final algorithmic aspect is handling new classes
and new clusters over time. Classification may require
new labels; clustering may require new [52] prototypes
to capture emerging topics. A unified framework can
treat prototype creation as a split operation when a
cluster becomes too heterogeneous, and prototype re-
moval as a merge operation when two clusters con-
verge. These operations can be triggered by statis-
tics such as within-cluster variance or assignment en-
tropy. While the details are system dependent, the
optimization view clarifies that splits and merges are
modifications of the feasible set, requiring careful re-
initialization to avoid disrupting retrieval neighborhoods.

The next section discusses theoretical considerations
that guide weight [53] selection, stability design, and
the interpretation of joint objectives in terms of em-
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bedding geometry and neighborhood preservation.

5. Theoretical Considerations: Stability, Trade-offs,and
Geometry

Joint objectives are often criticized for creating trade-
offs that are difficult to predict. A unified optimiza-
tion framework does not eliminate trade-offs, but it
makes them analyzable. The core object of analysis is
the embedding geometry induced by the combined loss.
Geometry governs retrieval because nearest-neighbor
structure is geometric. It governs clustering because
assignments depend on distances to prototypes [54]. It
governs classification because decision boundaries par-
tition the space. Theoretical considerations therefore
focus on how the combined gradients shape local neigh-
borhoods and global structure.

A useful concept is neighborhood stability under
updates. Consider an item embedding z; and its set
of nearest neighbors under the current model. Re-
trieval quality depends on whether relevant items re-
main among the nearest neighbors of queries. Approxi-
mate indexing assumes that small embedding perturba-
tions do not reorder neighbors too much. A first-order
approximation can relate perturbations to changes in
similarity margins [55]. Let z; and z; be two candi-
date items for a query embedding u. The margin is
A = s(u, z) — 5(u, ;). Under perturbations du, 8z, 8z,
the margin changes by approximately:

SA = (5u) (2 — zj) + uT(ézifézj)

If the original margin is small, small perturbations can
flip the order. Joint training increases the sources of
perturbation because clustering and classification both
update z; even when 7 is not directly involved in a re-
trieval interaction [56]. Stability regularizers and con-
servative learning rates can keep perturbations small,
but this may slow progress. A more nuanced approach
is to design clustering and classification losses that re-
spect retrieval margins, for example by using angular
constraints compatible with cosine similarity, or by re-
stricting prototype pulls to be orthogonal to directions
that matter for a set of anchor queries.

Trade-offs can be formalized via multi-objective op-
timization. The weighted sum objective approximates
a Pareto frontier, but weights do not directly corre-
spond to desired metric trade-offs because metrics are

nonlinear and depend on indexing approximations. Nonethe®

less, weights control the relative gradient contributions
[57]. A practical theoretical view is to analyze the
alignment between task gradients. Let g, = VgLyet,
ge = VoLew, and gs = VgL If dot products (gr, gc)
and (gr, gs) are positive on average, tasks are syner-
gistic. If they are negative, tasks conflict. While ex-
act computation is expensive, minibatch estimates can
provide a signal. A system can then adapt weights
to reduce conflict, for example by decreasing A, when
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(gr, gc) is consistently negative, or by modifying clus-
tering to act on a slower timescale so that it shapes
global structure without interfering with [58] retrieval
fine-tuning.

Clustering introduces the risk of prototype collapse
and representation degeneracy. If prototypes become
too close, clusters lose meaning and assignments be-
come unstable. If embeddings collapse around a few
directions, retrieval becomes less discriminative. Col-
lapse can occur when the clustering loss is too strong
relative to retrieval and classification, or when the as-
signment entropy is too low early in training [59]. A
theoretical mitigation is to ensure that the clustering
objective is strongly convex in assignments for fixed
embeddings and prototypes, which is achieved by suf-
ficient entropy regularization. Another mitigation is
to impose a minimum separation between prototypes.
For unit-norm prototypes, a separation penalty can be:

K

Rsep = Z ZmaX(O, p;—ptf oc)2

k=1 t£k

Here « is a threshold controlling how close prototypes
are allowed to be. This term encourages prototypes
to spread on the sphere, reducing [60] collapse risk. It
also supports approximate indexing by maintaining a
more uniform embedding distribution, which can im-
prove the quality of vector quantization schemes used
by indices.

Classification introduces its own geometric biases.
A linear classifier on unit-norm embeddings effectively
encourages embeddings to align with class weight direc-
tions. If the number of classes is small relative to the
embedding dimension, embeddings may concentrate
around a few weight vectors, reducing within-class di-
versity. This is acceptable when labels [61] capture the
semantic granularity needed for retrieval, but harmful
when retrieval requires fine structure within a class.
One theoretical response is to decouple classification
from the embedding by using a temperature or margin
that avoids overly sharp alignment. Another is to use
a hierarchical classification head where coarse labels in-
fluence global geometry while a weaker loss preserves
local structure. In the unified framework, such choices
orrespond to modifying L. and its coupling weight.

The interaction between clustering and classifica-
tion depends on whether clusters are intended to align
with classes [62]. If classes are a subset of seman-
tic structure, clusters can represent subtopics within
classes, and a mild alignment constraint can improve
interpretability. If classes are orthogonal attributes,
forcing alignment can be counterproductive. A flex-
ible approach is to allow soft coupling between class
weights and prototypes via a penalty that encourages
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proximity without identity:

(&
- 2
Ralign = Z ke{qnn K} |0wc — Bpx|03

c=1

Here (3 adjusts scale. This penalty encourages each
class direction to be near some prototype, but does
not force a one-to-one mapping [63]. In practice, the
minimum operation can be approximated by a softmin
to keep the objective smooth. The penalty can be ap-
plied selectively to classes with sufficient label support
to avoid over-constraining rare classes.

Another theoretical issue is identifiability and in-
variance. Embedding spaces have rotational symme-
tries when objectives depend only on pairwise similari-
ties. Clustering breaks some of these symmetries by
anchoring prototypes, and classification breaks sym-
metries by anchoring class weights. This anchoring
can be beneficial because it reduces [64] arbitrary drift,
which helps index stability. However, it can also cre-
ate undesired dependence on initialization. A stability
perspective suggests that anchoring should be intro-
duced gradually. Early in training, allow embeddings
to form neighborhoods driven by retrieval and unsu-
pervised structure. Later, strengthen clustering and
classification coupling to impose global structure. This
corresponds to a continuation method where A, and A4
vary over time [65]. The theoretical justification is that
nonconvex objectives can have better optimization tra-
jectories when constraints are introduced after a stable
manifold has formed.

Finally, large-scale systems face distribution drift.
Drift changes the objective landscape over time. A
joint framework can address drift by including time-
dependent regularization, for example by penalizing
rapid changes in prototypes and class weights, or by us-
ing online convex optimization ideas for the last-layer
parameters while updating the encoder more slowly.
The resulting two-timescale dynamics can stabilize [66]
serving: the index can be refreshed on a slower sched-
ule while last-layer adjustments handle recent data. Al-
though exact guarantees are limited in nonconvex set-
tings, the optimization decomposition clarifies which
parts of the model are allowed to move quickly with-
out breaking retrieval neighborhoods.

The next section turns from theory to system prac-
tice, focusing on how joint training interacts with in-
dexing, streaming data, monitoring, and evaluation in
large-scale deployments.

6. Practical Considerations and Empirical Protocols

A unified optimization framework is only useful if it
maps to deployable mechanisms. Practical considera-
tions begin with data [67]. Retrieval interactions are
often biased toward popular items and frequent queries.
Labels are sparse and may be biased toward curated
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subsets. Clustering must cover the full corpus, includ-
ing long-tail items with few or no interactions. A joint
system therefore requires careful sampling to avoid train-
ing the embedding only on the head of the distribution.
One approach is to include a fixed fraction of uniformly
sampled items in each batch for clustering and unsu-
pervised losses, while retrieval pairs and labeled items
occupy the remaining fraction. The exact ratios are
[68] system dependent, but the guiding principle is to
ensure that the embedding geometry is shaped by both
interaction-rich and interaction-poor regions of the cor-
pus.

Indexing constraints shape training schedules. Ap-
proximate nearest-neighbor indices are built on a snap-
shot of embeddings. If embeddings drift, the index be-
comes suboptimal. Some systems rebuild indices fre-
quently; others rely on incremental updates. Joint
training can help reduce rebuild frequency by incor-
porating stability regularizers, but this introduces a
[69] trade-off between immediate improvement and op-
erational consistency. A practical protocol is to align
training epochs with index refresh windows. During a
window, the model is trained with a stability penalty
relative to the deployed snapshot, allowing incremen-
tal improvement without large drift. At refresh time,
the index is rebuilt with the new snapshot, and the
stability reference is updated. This protocol makes the
relationship between optimization and operations ex-
plicit.

Clustering deployment raises questions about where
clusters are used. Clusters can drive navigation and
discovery, serve as a compression of [70] semantic space
for monitoring, or act as a prior for retrieval. Dif-
ferent uses require different cluster properties. For
navigation, interpretability and stability may matter
more than within-cluster variance. For retrieval priors,
alignment with relevance neighborhoods matters. The
unified framework supports these variants by adjust-
ing clustering objectives and constraints. For example,
interpretability can be encouraged by prototypes [71]
that correspond to real items, achieved by restricting
prototypes to be chosen from embeddings of items. Sta-
bility can be encouraged by temporal regularization on
assignments, penalizing frequent reassignment. Align-
ment with retrieval can be encouraged by adding a
term that pulls prototypes toward regions frequently
used in query neighborhoods.

Monitoring and debugging are essential in large-
scale systems. Joint training complicates attribution:
when retrieval degrades, it may be due to clustering
weight, classification label drift, or changes in negative
sampling. A practical monitoring approach is to track
not only task [72] metrics but also geometric diagnos-
tics. Diagnostics include embedding norm statistics,
anisotropy measures such as the ratio of leading sin-
gular values, cluster mass distributions, prototype sep-
aration statistics, and neighborhood overlap between
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consecutive snapshots. These diagnostics help detect
collapse, drift, and instability earlier than end metrics
alone. They also provide actionable levers, because
each diagnostic corresponds to a term or constraint in
the unified objective.

Evaluation protocols must reflect coupling. Retrieval
evaluation usually measures ranking metrics on a test
set of queries [73]. Classification evaluation measures
accuracy or calibration on labeled items. Clustering
evaluation measures internal criteria or agreement with
weak labels. In a joint system, these evaluations should
be performed not only in isolation but also under real-
istic serving conditions. Retrieval should be evaluated
with the actual approximate index configuration, be-
cause small geometric shifts can have outsized effects
on approximate search. Classification should be evalu-
ated on items retrieved under the index, because distri-
bution shift between full-corpus and retrieved subsets
can affect calibration [74]. Clustering should be evalu-
ated longitudinally, because cluster stability over time
is often a primary operational requirement.

A recurring empirical issue is weight selection. Be-
cause the unified loss combines heterogeneous terms,
naive tuning can be inefficient. A practical approach
is to begin with a retrieval-strong baseline, then intro-
duce clustering and classification gradually. The in-
troduction can be scheduled such that the embedding
space first forms meaningful local neighborhoods, after
which clustering shapes global organization and classifi-
cation imposes label-consistent directions. This sched-
ule reduces [75] early conflict and can improve stability.
Another approach is to use adaptive weighting based
on gradient norms or on validation metrics. Adaptive
approaches must be designed carefully to avoid oscilla-
tions, especially when validation metrics are noisy due
to approximate indexing.

Another practical issue is handling missing labels
and weak supervision. In many systems, labels can
be inferred from user behavior but are noisy. A joint
framework can incorporate weak labels as soft con-
straints in classification, while clustering provides a
regularizing structure that prevents the model from
overfitting to noisy labels. Conversely, classification
can guide clustering by anchoring certain regions of
the [76] space. However, over-anchoring can reduce
discovery of latent structure. A balanced approach is
to treat labels as one of several signals, with cluster-
ing and unsupervised losses preserving flexibility. The
weight on classification can be increased when label
confidence is high and reduced when confidence is low,
which can be implemented by per-example weights in
the classification loss.

Scalability also depends on the choice of K and on
memory for assignments. Storing full soft assignments
for billions of items is impractical. A common strategy
is to store only hard assignments and [77] prototype
statistics, and to compute soft assignments on the fly
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for minibatches during training. Another strategy is
to store sparse soft assignments, keeping only the top
few cluster probabilities per item. In the optimization
view, sparse assignments correspond to restricting A
to a sparse subset of the simplex, which can be approx-
imated by temperature settings or by explicit top-m
truncation. Such truncation must be handled carefully
because it introduces non-smoothness, but in practice
it can be stable when prototypes change slowly.

Finally, the unified framework must be compati-
ble with privacy and policy constraints that often gov-
ern large-scale information systems [78]. Even when
explicit constraints are not modeled mathematically,
the joint objective can incorporate penalties that re-
duce memorization of rare interactions, or that pre-
vent overly sharp decision boundaries that may am-
plify noise. These considerations are system specific,
but the optimization framework provides a place to
encode them as regularizers or as constraints on up-
dates.

The conclusion synthesizes the unified view and
summarizes how it supports practical design choices
without assuming that a single joint solution dominates
specialized pipelines.

7. Conclusion

This paper presented a unified optimization framework
for joint retrieval, clustering, and classification in large-
scale information systems [79]. The framework treats
these tasks as coupled objectives acting on shared em-
beddings, shared prototypes, and structured assign-
ment variables, augmented by constraints that reflect
operational requirements such as normalization, clus-
ter balance, and index stability. Retrieval was modeled
as a ranking-oriented contrastive risk, clustering as
prototype-based assignment with optional global con-
straints, and classification as a supervised risk over la-
beled subsets. The resulting objective was shown to
admit scalable decompositions: stochastic gradient up-
dates for encoder and classifier parameters, moving-
average or gradient updates for prototypes, and closed-
form or constrained solver updates for assignment [80]
variables.

A central theme was the geometric coupling induced
by joint learning. Retrieval depends on neighborhood
structure, clustering imposes global partitions, and clas-
sification shapes decision-aligned directions in the em-
bedding space. The framework makes these influences
explicit and suggests mechanisms for stability, includ-
ing entropy-regularized assignments, prototype separa-
tion penalties, and index-aware drift regularizers. Al-
gorithmic discussion emphasized large-scale constraints,
including approximate nearest-neighbor indexing, dis-
tributed training, and streaming updates, and it de-
scribed practical protocols that align [81] training sched-
ules with index refresh windows.
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The unified view does not remove the need for em-
pirical tuning, and it does not imply that joint training
is always preferable to staged pipelines. Instead, it pro-
vides a structured language for reasoning about trade-
offs, selecting coupling strengths, and designing opti-
mization procedures that respect system constraints.
In settings where retrieval, clustering, and classifica-
tion must coexist over the same evolving corpus, the
framework offers a principled basis for constructing
joint learners whose behavior can be monitored, stabi-
lized, and adapted as operational requirements change
[82].
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